After completing this chapter you should be able to

1

2
3
4

Coordinate geometry

find the mid-point of a line
find the distance between a pair of points
know how to find the equation of a circle

use the properties of a circle to solve geometric
problems.

in the (X, y) plane

A circle is a conic section — a curve formed by intersecting a |
cone with a plane. The ellipse, parabola and hyperbola are
also conic sections; they were named by Apollonius of Perga

who studied them at length in about 200 BC.

Circle II |!

{

(“ll Parabola |
I

Hyperbola



CHAPTER 4

4,1 You can find the mid-point of the line joining (x4, y,) ,,

xX1t+x, ¥ +y2) (2, 7o)

and (x,, y,) by using the formula ( 5 3

X1 X Y1ty
2

(1, y1)

Find the mid-point of the line joining these pairs of points:
a (2,3),(6,9)

b (2a, —4b), (7a, 8b)

c (4,V2),(-4,3V2)

\ A diagram might help you work this out.

The y-coordinate is half way between 3 and

(21 3) (61 3) +
\ \ 9, so use ﬁzﬁ with y; =3 and y, = 9.
0 x

(6, 3) has the same x-coordinate as (6, 9)
and the same y-coordinate as (2, 3).

, , 2+6 5+9 ) )
The mid-point is o T o The x-coordinate is half way between 2 and
X, + X
6, so use ———2 with X, =2andx,=6.
& 12 S 2
=7 == |I° mpliry.
2’ o plity

= (4. 6)




2a+7a —4b+ &b
2 7 2

b The mid-point is (

¢ The mid-point is ( >

4+ (—4) V2+3V2

(4;4’ 4\2/5)_

= (0, 2V2)

Coordinate geometry in the (x, y) plane

2 ' 2
Here (x4, ¥1) = (2a, —4b) and (x,, ;) = (7a, 8b).
Simplify.

) Use <x1 +X Y "’yz).

2 2
Here (x1/ }/1) = (4’ \/E) and (x2/ yZ) = (_4' 3\/5)
Simplify.

Use <x1 +X Y +]/2>.

The line AB is a diameter of a circle, where A and B are (—3, 8) and (5, 4) respectively. Find the

coordinates of the centre of the circle.

A(-3,8)

(1,6)

B(5, 4)

0 X

The centre of the circle is (

_jz 2
(2’2

= (1, 6)

2 2

~%+5 8+4>

Draw a sketch.
Remember the centre of a circle is the

mid-point of a diameter.

Use <x1 +X i t }/2>.

2 ' 2

Here (xq, 17) = (=3, 8) and (x,, ¥,) = (5, 4).

i




CHAPTER 4

The line PQ is a diameter of the circle centre (2, —2). Given P is (8, —5), find the coordinates of Q.

Q(a, b) . Draw a sketch.

0 / (2, —2) is the mid-point of (g, b) and (8, —5).
(2, =2)

P(8, —5)

Let Q have coordinates (a, b).

&+a —H5+b X+ X, Yi+Y,
= —2)e U ; .
(2’2>(2’2) (50057
&+ a Here (x1/ ]/1) = (8I _5) and (x2/ }/2) = (G, b)
So —— =720
2
&+ a=4-
4= —4. Compare the x-coordinates.
Rearrange the equation to find a.
-5+b . Multiply each side by 2 to clear the fraction.
and o =2 Subtract 8 from each side.
—5+b=—4.
b=1 Compare the y-coordinates.
So, Qis (—4, 1). Rearrange the equation to find b.

Multiply each side by 2 to clear the fraction.
Add 5 to each side.

1 Find the mid-point of the line joining these pairs of points:

a (4,2), 6 8) b (0, 6), (12, 2) c (2,2), (-4, 6)
d (-6, 4), (6, —4) e (-5,3),(7,5) f (7, -4), (-3, 6)

g (-5, -5), (11, 8) h (6a, 4b), (2a, —4b) i (2p, —q), (4p, 59)

j (=2s, =70, (55, 1) Kk (—4u, 0), 3u, —2v) 1 (a+b,2a—-b), 3a—b, —b)
m (4V2, 1), (2V2, 7) n (—V3, 3V5), (5V3, 2V5)

o (V2-V3, 3V2 +4V3), (3V2 + V3, —V2 + 2V3)

2 The line PQ is a diameter of a circle, where P and Q are (—4, 6) and (7, 8) respectively. Find
the coordinates of the centre of the circle.




Coordinate geometry in the (x, y) plane

4 3b 2a Sb
3 The line RS is a diameter of a circle, where R and § are (%, _Z> and (—SE, Z) respectively.
Find the coordinates of the centre of the circle.

4 The line AB is a diameter of a circle, where A and B are (-3, —4) and (6, 10) respectively.
Show that the centre of the circle lies on the line y = 2x.

5 The line JK is a diameter of a circle, where J and K are (3, 3) and (-3, 2) respectively. Show
that the centre of the circle lies on the line y = 8x + 3.

6 The line AB is a diameter of a circle, where A and B are (0, —2) and (6, —5) respectively.
Show that the centre of the circle lies on the line x — 2y — 10 = 0.

7 The line FG is a diameter of the circle centre (6, 1). Given F is (2, —3), find the coordinates
of G.

8 The line CD is a diameter of the circle centre (—2a, 5a). Given D has coordinates (3a, —7a),
find the coordinates of C.

9 The points M(3, p) and N(g, 4) lie on the circle centre (5, 6). The line MN is a diameter of
the circle. Find the value of p and q.

10 The points V(—4, 2a) and W(3b, —4) lie on the circle centre (b, 2a). The line VW is a
diameter of the circle. Find the value of a and b.

PEIEN 4
The line AB is a diameter of the circle centre C, where A and B are (—1, 4) and (5, 2) respectively.

The line I passes through C and is perpendicular to AB. Find the equation of /.

Draw a sketch.
A(—1, 4)

B(5, 2)

=
R

—1+5 4+2
The centre of the circle is ( S ) Use (x1 tX Nt ]/2).

2 2 2
4 o Here (x1l ]/1) = (_11 4) and (x21 }/2) = (51 2)
-(53)
=(2,3)
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2—4 _Y-W y1
The gradient of the line AB is 5—_(_—1) Use m = - - Here (x;, y1)=(-1,4)
_2 and (xZI yz) (5/ 2)

- _6_ T Simplify the fraction so divide by 2.

_—1 is the same as —l
3 3

5
So, the gradient of the line perpendicular
to ABis 3. * Remember the product of the gradients of two
perpendicular lines = —1, so —15 X3=-1.
The equation of the p@rpendicular line [ is
y—3=23(x— The perpendicular line / passes through the

point (2, 3) and has gradient 3, so use

y—5—5x— Y — Yy = m(x — x;) with m= 3 and
So y=3x— (Y1) = (2, 3).
Rearrange the equation into the form
y=mx+c

Expand the brackets.
Add 3 to each side.

The line PQ is a chord of the circle centre (-3, 5), where P and Q are (5, 4) and (1, 12)

respectively. The line / is perpendicular to PQ and bisects it. Show that I passes through the
centre of the circle.

Q(1, 12)
A chord is a line that joins any two points on
(=3,5) the circumference of a circle.
P(S 4) ‘7 The line / bisects PQ, so it passes through

the mid-point of PQ.

\/0/ First find the equation of /.

Ky

+1 4+12
The mid-point of PR is ( — —2—> —F  Use <x1 erle Yi erllz).
= (3, &) Here (xq, ¥1) = (5, 4) and (x,, y,) = (1, 12).
The gradient of the chord PQ is -2
e gradient of the chor 5 ——
: 1=5 Use m=22=4
— _8_ X3 =X
_4' Here (xh ]/1) = (51 4) and (xz, ]/2) = (1, 12)

= -2




Coordinate geometry in the (x, y) plane

So, the gradient of the line perpendicular «-——— Use the product of the gradients of two
1 perpendicular lines= —1, so —2 X T=-1.
to FQ is o

The equation of the perpendicular line is

] The perpendicular line passes through the
y—-8&= E(x —3) point (3, 8) and has gradient 3, so use
Y —y; = m(x — x;) with m =} and
(-xh ]/1) = (3' 8)

Expand the brackets.

[

2 o Rearrange the equation into the form
3 16 Yy = mx + ¢ by adding 8 to each side.
2

o Simplify.
3

Substitute x = — 3. * See if (—3, 5) satisfies the equation of /, so
1 1% substitute the x-coordinate into y = xS

- 2 2 Simplify.

_ + This is the y-coordinate, so (—3, 5) is on the

2 2 line.

_—3+13

2

_o

2

So | passes through (=3, D).

So | passes through the centre of the

circle.

The above example is a particular instance of this circle theorem:

B The perpendicular from the centre of a circle to a chord
bisects the chord.

the perpendicular

e A line that is perpendicular to a given line and bisects it is bisector of AB
called the perpendicular bisector. B
X

X
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PENIN 6 |

The lines AB and CD are chords of a circle. The line y = 3x — 11 is the perpendicular bisector of
AB. The line y = —x — 1 is the perpendicular bisector of CD. Find the coordinates of the centre of
the circle.

Draw a sketch.

The perpendicular bisectors meet at the

C
centre of the circle.
A
Find where the perpendicular bisectors
meet, so solve the equations simultaneously.
So Substitute ¥y = 3x — 11 intoy = —x — 1.

Add x to each side.
Add 11 to each side.
Divide each side by 4.

Simplify the fraction so divide by 2.

4
é Substitute the x-coordinate into one of the
2 / equations to find the y-coordinate.
e 5 Here y =3x—11and x =3.
y = 5(—) =1

5
The centre of the circle is | —, ——].
2 2




Coordinate geometry in the (x, y) plane

1

10

The line FG is a diameter of the circle centre C, where F and G are (-2, 5) and (2, 9)
respectively. The line / passes through C and is perpendicular to FG.
Find the equation of I.

The line JK is a diameter of the circle centre P, where J and K are (0, —3) and (4, —5)
respectively. The line I passes through P and is perpendicular to JK. Find the equation of 1.
Write your answer in the form ax + by + ¢ = 0, where a, b and c are integers.

The line AB is a diameter of the circle centre (4, —2). The line / passes through B and is
perpendicular to AB. Given that A is (-2, 6),

a find the coordinates of B.

b Hence, find the equation of .

The line PQ is a diameter of the circle centre (—4, —2). The line I passes through P and is
perpendicular to PQ. Given that Q is (10, 4), find the equation of I.

The line RS is a chord of the circle centre (5, —2), where R and § are (2, 3) and (10, 1)
respectively. The line / is perpendicular to RS and bisects it. Show that / passes through the
centre of the circle.

The line MN is a chord of the circle centre (1, —3), where M and N are (-5, —5) and (7, 4)
respectively. The line [ is perpendicular to MN and bisects it. Find the equation of I. Write

your answer in the form ax + by + ¢ = 0, where a, b and c are integers.

The lines AB and CD are chords of a circle. The line y = 2x + 8 is the perpendicular bisector
of AB. The line y = —2x — 4 is the perpendicular bisector of CD.
Find the coordinates of the centre of the circle.

The lines EF and GH are chords of a circle. The line y = 3x — 24 is the perpendicular bisector
of EF. Given G and H are (—2, 4) and (4, 10) respectively, find the coordinates of the centre
of the circle.

The points P(3, 16), Q(11, 12) and R(—7, 6) lie on the circumference of a circle.
a Find the equation of the perpendicular bisector of

i PQ

ii PR.
b Hence, find the coordinates of the centre of the circle.

The points A(—3, 19), B(9, 11) and C(—15, 1) lie on the circumference of a circle.
Find the coordinates of the centre of the circle.
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(3, y,) by using the formula
d=V[(x,—x1)*+ (y2— 1)

4,2 You can find the distance d between (x,, ¥,) and

(x5, ¥2)

d

(1, y1)

Find the distance between these pairs of points:
a (2) 3)1 (SI 7) b (4(1, a)) (_30, 2(1)

42 = (5 — 22+ (7 — B)2.

A=+ p— |
A= +4H— |
=25

=5

b d=|(-2a—4a?+ (2a—a)*]—T
J(=72)? + 7]
= \/(.4932 + 2%)
= V504°
= V25 X 2 X 42
= V25 X V2 X Va2
=5V22

c (2V2, —5V2), (4V2, V2)

Draw a sketch.
Let the distance between the points be d.

The difference in the y-coordinates is
7-3=4.

The difference in the x-coordinates is
5-2=3.

Use Pythagoras’ theorem:
d? = (x; — x1)% + (Y, — y1)?
Take the square root of each side.

This is d = V[(x, — x1)? + (y, — y1)?] with
(x1, 1) = (2, 3) and (x5, ¥2) = (5, 7).

Use d = V[(x; — x1)? + (Y, — ¥1)?]. Here
(.')C], y1) = (401 G) and (xZI yZ) = (_ 30/ 20)

(=7a)?=—-7a%X —7a
=49a°

Simplify.




Coordinate geometry in the (x, y) plane

Use d = V[(x, — x1)” + (Y2 = ¥1)?].

42 —2v2 =22

d = J[(4V2 = 2V2)2 + (V2 = (=BV2) 2l Here (x,, 1) = (212, —5V2)

and (x5, 1) = (4V2, V2).

V2 — (=5V2) =V2 + 5V/2

=6\V2

Simplify the parts of the

So

expression.

(2V2)2 = 22 x 2V2

d= m@Z: (6V2)7]

=2x2xV2x\V2

=4X2

=6

(6V2)2 = 6V2 X 6V2

Simplify further.

=6xX6XV2xV2

=20 X2

=72

So

d= &+ 72)

=Veo

Simplify the surd.

= /(16 X B)

=116 x V5

= 4V5

The line PQ is a diameter of a circle, where P and Q are (—1, 3) and (6, —3) respectively. Find the

radius of the circle.

The length of the diameter is:

6—(==06+1

=7

J(49 + 30)

= V&5

5o the length of the radius is %\/55.

Use d = V[(x; — x1)* + (V2 — ¥1)?]. Here
d = (6= (=) + (=3 =3Pl (r, y)=(-1, 3)and (x, y,) = (6, ~3).
Simplify the parts of the expression.
—5—% =-0 |
So a = J[7?+ (=6)?]

Remember the radius is half the diameter.
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The line AB is a diameter of the circle, where A and B are (—3, 21) and (7, —3) respectively.
The point C(14, 4) lies on the circumference of the circle. Find the value of AB?, AC? and BC2.
Hence, show that ~ZACB = 90°.

AB? = (7= (=3))"+ (=3 = 21)2 =————— Use d=V[(x, — 1;)? + (> — y1)?]. Square

e B ) each side so that d2 = (x, — x1)> + (V2 — y1)%
10 + ( 24) Here (xh y1) = (—3, 21) ;nd 1 ’ 1
=676 (X2, y2) = (7, —3).
AC? = (14 — (—3))% + (4 — 21)%
— 172 4 (—17)2
17 + ( 17) Here (x1/ y1) = (—3, 21) and
=575 (xZI yZ) = (1 45 4)
BC? = (14 = 7%+ (4 — (=3))? —__
=724 72 Here (x;, ¥1) = (7, —3) and (x,, y,) = (14, 4).
=96

L — Use Pythagoras’ theorem to test if the
Now, 576 + 96 = 676

triangle has a right angle.
So, LACB = 90". This is AC> + BC2 = AB2.

This is a particular instance of this circle theorem:

B The angle in a semicircle is a right angle.

1 Find the distance between these pairs of points:

a (0,1),(6,9) b (4, —6), (9, 6) c 3,1),(-1,4
d 3,5), 4,7 e (2,9), (4,3 f (0, -4),(5,5)
g (=2,-7),(5,1) h (—4a, 0), (3a, —2a) i (=D, 4b), (—4b, —2b)
j (2c 0, (6¢, 40) K (—4d, d), (2d, —4d) 1 (—e, —e), (—3e, —5e)

m (3V2, 6V2), (2V2, 4V2)  n (-V3, 2V3), (3V3, 5V3)
o (2V3-V2,V5+V3), 4V3-V2, 3V5 +V3)
2 The point (4, —3) lies on the circle centre (-2, 5). Find the radius of the circle.
The point (14, 9) is the centre of the circle radius 25. Show that (—10, 2) lies on the circle.
4 The line MN is a diameter of a circle, where M and N are (6, —4) and (0, —2) respectively.
Find the radius of the circle.
5 The line QR is a diameter of the circle centre C, where Q and R have coordinates (11, 12)
and (-5, 0) respectively. The point P is (13, 6).
a Find the coordinates of C. b Show that P lies on the circle.




Coordinate geometry in the (x, y) plane

6 The points (=3, 19), (=15, 1) and (9, 1) are vertices of a triangle. ~ Hint for question 6:
Show that a circle centre (-3, 6) can be drawn through the Show that the vertices are

. . equidistant from the
vertices of the triangle.

centre of the circle.

7 | The line ST is a diameter of the circle ¢;, where § and T are (5, 3) and (-3, 7) respectively.
The line UV is a diameter of the circle ¢, centre (4, 4). The point U is (1, 8).
a Find the radius of i ¢; ii ¢,.
b Find the distance between the centres of ¢, and c,.
8 The points U(-2, 8), V(7, 7) and W(—3, —1) lie on a circle.
a Show that AUV has a right angle.
b Find the coordinates of the centre of the circle.
9 The points A(2, 6), B(5, 7) and C(8, —2) lie on a circle.
a Show that AABC has a right angle. b Find the area of the triangle.
10 The points A(—1, 9), B(6, 10), C(7, 3) and D(0, 2) lie on a circle.
a Show that ABCD is a square. b Find the area of ABCD.
¢ Find the centre of the circle.

4,3 You can write the equation of a circle in the form 4
(x — a)?2+ (y — b)2=r?, where (g, b) is the centre
and r is the radius.

0 X
Example [
Write down the equation of the circle with centre (5, 7) and radius 4.
a—

. (x y)is any point on the circumference of

(x,y) the circle. The distance between (x, v) and
(5, 7) is always 4.

The difference in the y-coordinates is y — 7.
The difference in the x-coordinates is x — 5.

To find the equation of the circle, use

0 X / d = V[(x; — x1)? + (Y, — y1)?]. Square each
Equation of circle is (x — B)? + (y — 7)? = 44 side so that d* = (¥ = 1% + (2~ J1)"

Here (x1/ }/1) = (Sr 7) and (x2/ }/2) = (x/ }/)
This is in the form (x — a)?> + (y — b)> = r?
with (a, b) = (5, 7) and r = 4.
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Write down the coordinates of the centre and the radius of these circles:
a (x+32+(y-1)2=42 b (x-32+(y—3)2=32

a (x+3)+ (= )7 =4° Write the equation in the form
(x—(=3)2+ (y—12=42~—""|  (x—a?+@y—b?=r using —(-3) = +3.

So centre = (—3, 1), radius = 4.* Soa=-3,b=1and r=4.

b (x—§)2+ (y — 3)2=32

2
H5\2
(x - —) +(y—3)° = (V32)2 « Write the equation in the form
2 (x—ay+(y— b2 =r.
V32 = J(16 X 2) Soa=3 b=3and r=V32.
Simplify V32.
=V16 X V2
=42

5
So centre = (E 5) radius = 4V2,

Show that the circle (x — 3)> + (y + 4)? = 20 passes through (5, —8).

(x =2+ (y+4)7=20 Substitute x = 5 and y = —8 into the
/ equation of the circle.
Substitute (5, —&)

(B—3)2+ (—8& +4)2 =22+ (—4)?
=4+16

=20 (5, —8) satisfies the equation of the circle.

So the circle passes through the point
(5, —8).




Coordinate geometry in the (x, y) plane

The line AB is a diameter of a circle, where A and B are (4, 7) and (—8, 3) respectively. Find the
equation of the circle.

The length of ABis J[(4 — (=&))* + (7 = 2)?]—— Use d=V[(x, — x,)? + (1, — Y1)
=122 + 45 Here (xq, 1) = (=8, 3) and (x, y,) = (4, 7).
=V144 + 16
= V160
=Vie X 10 _|
Vi x Vio_|
- 4y Remember the radius = diameter + 2.
So the radius is 2V10. Remember the centre of a circle is at the
mid-point of a diameter.

4+ (=86) 7+3
The centre ie( é ) ):(_2, B). ——— Use<x1+x2 %4‘}/2).

Simplify.

2 2 2

The equation of the circle is Here (x7, 11) = (4, 7) and (x5, ¥2) = (=8, 3).

\
2 _E\2 — 2 Use (x — a)2 + (y — b)2=r.
(x+2)7°+ -9 (2\/@) ’ Here (a, b) = (gyz, 5)and r=2V10.

Example ]
The line 4x — 3y — 40 = 0 touches the circle (x — 2)? + (y — 6)> = 100 at P(10, 0). Show that the
radius at P is perpendicular to the line.

A
Mw
First find the gradient of the line, so

rearrange its equation into the form

4x — 3y —40 =0 y=mx+c

Sy =4x — 40 Add 3y to each side and turn the
4 40 equation around.
= - —— ¢ = & L.
Y 5x 3 Divide each term by 3.

Comparey=%x—%toy=mx+c,
som=j.

4
The gradient of the line is E
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To find the gradient of the radius at P,

_ 72 _ A2
(x=2)*+(y—6)*=100 first find the centre of the circle from

its equation.
The centre is (2, ©). + Compare (x — 2)? + (y — 6)> = 100 to
(x — a)> + (y — b)y> = r?, where (q, b) is
6—0 the centre.
So the gradient of the radius at F = >—10 \
= i Use m= Mﬁ.
x2 - .x1

Here (xh }/1) = (1 O/ O) and (x2/ yZ) = (2’ 6)

Il I
| |
MO ®

4 )
Now, — X —— = —1, ¢
) 4

So, the radius at Fis perpendicular to the line.

Simplify the fraction, so divide top and
bottom by 2.

—

Test to see if the radius is
perpendicular to the line.

The above example is a particular instance of Use the product of the gradients of
this circle theorem: two perpendicular lines = —1.

B The angle between the tangent
and a radius is 90°.

B A tangent meets a circle at one
point only.

1 Write down the equation of these circles:
a Centre (3, 2), radius 4
b Centre (-4, 5), radius 6
¢ Centre (5, —6), radius 2V3
d Centre (2a, 7a), radius S5a
e Centre (-2V2, —3V2), radius 1

2 Write down the coordinates of the centre and the radius of these circles:
a (x+5%+(y—4)2=92
b x-72+@y-1>%=16
c (x+4)2+y*=25
d (x + 4a)’*+ (y + a)? = 144a?
e (x—3V5)2+ (y+V5)2=27

3 Find the centre and radius of these circles by first writing in the form (x — a)? + (y — b)*> =
ax’+y’+4x+9y+3=0
b x>+y*+5x-3y—-8=0
c 2x2+2y>+8x+15y—-1=0
d2x?+2y2-8x+8y+3=0




Coordinate geometry in the (x, y) plane

4 In each case, show that the circle passes through the given point:
a(x-2>2+(@{y-52=13, (4, 98)
b x+7)%+(y—2)?2=65 (0, -2)
c x?>+y?=25% (7, —24)
d (x — 2a)’> + (y + 5a)> = 20a?, (6a, —3a)
e (x—3V5)2+ (y — V5)2 = (2V10)?, (V5, —V5)

5 The point (4, —2) lies on the circle centre (8, 1). Find the equation of the circle.

6 The line PQ is the diameter of the circle, where P and Q are (5, 6) and (—2, 2) respectively.
Find the equation of the circle.

7 The point (1, —3) lies on the circle (x — 3)? + (y + 4)?> = 1. Find the value of r.

8 The line y = 2x + 13 touches the circle x> + (y — 3)? = 20 at (-4, 5). Show that the radius at
(—4, 5) is perpendicular to the line.

9 The line x + 3y — 11 = 0 touches the circle (x + 1)+ (y + 6)2 =90 at (2, 3).
a Find the radius of the circle.
b Show that the radius at (2, 3) is perpendicular to the line.

10 The point P(1, —2) lies on the circle centre (4, 6).
a Find the equation of the circle.

b Find the equation of the tangent to the circle at P.

11 The tangent to the circle (x + 4)% + (y — 1)?> = 242 at (7, —10) meets the y-axis at § and the
x-axis at T.
a Find the coordinates of S and T.
b Hence, find the area of AOST, where O is the origin.

Find where the circle (x — 5)> + (y — 4)> = 65 meets the x-axis.

(x=B)2+ (y=4)2=65 — The circle meets the x-axis when iy = 0, so
substitute v = 0 into the equation.

Substitute y = O
(x — 5%+ (—4)? =65
 E=\2 — —4 X —-4=16
(x = B)z + L@ o)e) ’7
(x —5)? =49, Subtract 16 from each side.
x—5H = £7e

So x—5 =7 —— Take the square root of each side, so that
V49 = +7.

xX=12—__
and xX—5=-7
x=—2 . Workout the values of x separately, adding

5 to each side in both cases.

So the circle meets the x-axis at (—2, 0)
and (12, 0).
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Find where the line y = x + 5 meets the circle x% + (y — 2)> = 29.

X2+ (y — 2)2 = 29

X2+ (x+5—2)2 =29 Solve the equations simultaneously, so
substitute ¥ = x + 5 into the equation of the
Xt (x+35)7=29 —0 cLiJrcIeI. ey | e
X2+ x2+6x+9 =29 Simplify inside the brackets.
2x°+6x—20 =0— Expand the brackets.
2
P+ B3x—10=0—__ 232 the x? terms and subtract 29 from each
(x+5)(x—=2) =0e— Divide each term by 2.
Sox=—-5andx=2. Factorise the quadratic:
X —2 = —
Substitute x = —5 g + (_22) — lg
=0
Eulsiate 5w — 2 Now find the y-coordinates, so substitute the
— values of x into the equation of the line.
y=2+5
=7
So the line meets the circle at (—5, O) Remember to write the answer as coordinates.

and (2, 7).

Example

Show that the line y = x — 7 does not meet the circle (x + 2)? + y> = 33.

(x + 2)2 + 12 = 33 Solve.the equations §imultaneousl){, o)
- substitute ¥ = x — 7 into the equation of the
(x+2)%+ (x=7)2=33 ’7 circle.
l—T—J
X2+ 4x + 4+ x2 —14x + 49 = 33 Expand the brackets.
2%2 —10x + 20 = O » S(cj)!ect like terms and subtract 33 from each
. - .
x*—ox+10=0 Simplify the quadratic, so divide each term
by 2.
T—’—\
Now  b*—4ac=(-5?—4X1X10
=25 — 40 — Use the discriminant b? — 4ac to test for
=15 roots of the quadratic equation.
b? — 4ac < 0, so the line does not meet Remember
< £ o goe LN If b> — 4ac> 0 there are two distinct roots.
the circle. If b> — 4ac = 0 there is a repeated root.

If b2 — 4ac < 0 there are no real roots.

As b2 — 4ac < 0, there is no solution to the
quadratic equation. So, the line does not
meet the circle.
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10

1

constants.

a Work out the value of a. b Work out the two possible values of p.

The line y = 2x — 8 meets the coordinate axes at A and B. The line AB is a diameter of the
3

Find where the circle (x — 1)? + (y — 3)? = 45 meets the x-axis.
Find where the circle (x — 2)2 + (y + 3)?> = 29 meets the y-axis.

The circle (x — 3)? + (y + 3)? = 34 meets the x-axis at (@, 0) and the y-axis at (0, b).
Find the possible values of a and b.

The line y = x + 4 meets the circle (x — 3)>+ (y — 5)>= 34 at A and B.
Find the coordinates of A and B.

Find where the line x +y + 5 = 0 meets the circle (x + 3)? + (y + 5)> = 65.
Show that the line y = x — 10 does not meet the circle (x — 2)> + y? = 25.
Show that the line x + y = 11 is a tangent to the circle

2 —2)2 = Hint for question 7:
-3 =32 Show that the line

Show that the line 3x — 4y + 25 = 0 is a tangent to the meets the circle at one
circle x2 + y2 =25. point only.

The line y = 2x — 2 meets the circle (x — 2)> + (y — 2)> = 20 at A and B.

a Find the coordinates of A and B.
b Show that AB is a diameter of the circle.

The line x +y = a meets the circle (x — p)> + (y — 6)> = 20 at (3, 10), where a and p are

circle. Find the equation of the circle.

The circle centre (8, 10) meets the x-axis at (4, 0) and (a, 0).

a Find the radius of the circle. b Find the value of a.

The circle (x — 5)> + y> = 36 meets the x-axis at P and Q. Find the coordinates of P and Q.

The circle (x + 4)> + (y — 7)> = 121 meets the y-axis at (0, m) and (0, n).
Find the value of m and n.

The line y = 0 is a tangent to the circle (x — 8)% + (y — a)> = 16. Find the value of a.

The point A(—3, —7) lies on the circle centre (5, 1).
Find the equation of the tangent to the circle at A.

The circle (x + 3)? + (y + 8)2 = 100 meets the positive coordinate axes at A(a, 0) and B(0, b).
a Find the value of a and b.
b Find the equation of the line AB.

The circle (x + 2)> + (y — 5)> = 169 meets the positive coordinate axes at C(c, 0) and D(0, d).
a Find the value of c and d. b Find the area of AOCD, where O is the origin.
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20

21
22

23

The circle, centre (p, q) radius 25, meets the x-axis at (—7, 0) and (7, 0), where g > 0.
a Find the value of p and 4.
b Find the coordinates of the points where the circle meets the y-axis.

Show that (0, 0) lies inside the circle (x — 5)> + (y + 2)?> = 30.

The points A(—4, 0), B(4, 8) and C(6, 0) lie on a circle. The lines AB and BC are chords of
the circle. Find the coordinates of the centre of the circle.

The points R(—4, 3), $(7, 4) and T(8, —7) lie on a circle.
a Show that ARST has a right angle. b Find the equation of the circle.

The points A(=7, 7), B(1, 9), C(3, 1) and D(—7, 1) lie on a circle. The lines AB and CD are
chords of the circle.

a Find the equation of the perpendicular bisector of i AB ii CD.
b Find the coordinates of the centre of the circle.

The centres of the circles (x — 8)? + (y — 8)> =117 and (x + 1)> + (y — 3)> =106 are P and Q
respectively.

a Show that P lies on (x + 1)> + (y — 3)?> = 106.
b Find the length of PQ.

The line y = —3x + 12 meets the coordinate axes at A and B.

a Find the coordinates of A and B.

b Find the coordinates of the mid-point of AB.

¢ Find the equation of the circle that passes through A, B and O, where O is the origin.

The points A(-5, 5), B(1, 5), C(3, 3) and D(3, —3) lie on a circle. Find the equation of the
circle.

The line AB is a chord of a circle centre (2, —1), where A and B are (3, 7) and (-5, 3)
respectively. AC is a diameter of the circle. Find the area of AABC.

The points A(—1, 0), B, '2) and C (}, —'3) are the vertices of a triangle.

a Show that the circle x? + y? = 1 passes through the vertices of the triangle.

b Show that AABC is equilateral.

The points P(2, 2), Q2 + V3, 5) and R(2 — V3, 5) lie on the circle (x — 2)2 + (y — 4)2 =72,
a Find the value of r. b Show that APQR is equilateral.

The points A(—3, —2), B(—6, 0) and C(p, g) lie on a circle centre (=3, 2). The line BC is a
diameter of the circle.

a Find the value of p and 4.
b Find the gradient of i AB ii AC.
¢ Show that AB is perpendicular to AC.

Find the centre and radius of the circle with equation x? + y% — 6x — 2y — 6 = 0.
Find the centre and radius of the circle with equation x? + y> — 10x + 16y — 11 = 0.
Find the centre and radius of the circle with equation x2 + y2 + 8x — 6y + 18 = 0.

Find the centre and radius of the circle with equation x>+ y> —x — 3y — 2= 0.



Coordinate geometry in the (x, y) plane

Summary of key points
1 The mid-point of (x;, ¥;) and (x,, y,) is

X1 tXy, Y1t)Y2
2 2 )

(0, ¥2)

2 The distance d between (x;, ¥;) and (x5, y,) is VA

d=V[(x,— %)%+ (y2— ¥y (2 2)
/

(1, ¥1)

0 X

3 The equation of the circle centre (a, b) radius r 7
is (x —a)2+ (y — b)2=r2 ‘
0
4 A chord is a line that joins two points on the
circumference of a circle. @

RV
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5 The perpendicular from the centre of a circle
to a chord bisects the chord.

6 The angle in a semicircle is a right angle.

7 A tangent is a line that meets a circle at one
point only.

8 The angle between a tangent and a radius is 90°.
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