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After completing this chapter you should be able to
simplify expressions and collect like terms

apply the rules of indices

multiply out brackets

h W IN=

factorise expressions including quadratics
5 manipulate surds.

This chapter provides the foundations for many aspects of

A level Mathematics. Factorising expressions will enable

you to solve equations; it could help sketch the graph of a
function. A knowledge of indices is very important when
differentiating and integrating. Surds are an important way
of giving exact answers to problems and you will meet them
again when solving quadratic equations.

Algebra and functions

1.618 >

Did you know?
...that the surd

V5 +1
2
is a number that occurs both in nature and the arts?
It is called the ‘golden ratio’ and describes the ratio
of the longest side of a rectangle to the shortest. It
is supposed to be the most aesthetically pleasing
rectangular shape and has been used by artists and
designers since Ancient Greek times.

~ 1.618

| The Parthenon, showing the
4 ‘golden ratio’ in its proportions. g
N i s
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1,1 You can simplify expressions by collecting like terms.

Simplify these expressions:
al3cx+2xy+7—-x+3xy—-9 b 3x>—-6x+4—-2x>+ 3x -3
c 3(a+ b —2Q3a—4b?

'{P

=

- e
ﬁ

! a Syt rxytToxtdyy=29 Rewrite the expression with the like terms
=3x—x+ 2xy+ dxy+7-=9 J next to each other.
4 J %_l +7 . 9 _ _2

=2x+D5xy—2

3x2 and 3x are not like terms:

b 2x2—06x+4—2x>+3%x—3

, . 3x2=3XxXx 3x=3Xx
=oxf—2x*—ox+dx+t4-25 1x2 is written as x2.
=x?—2x+1
¢ 3(a+ b)) — 2(3a— 4b°)« Multiply the term outside the bracket by
both terms inside the bracket:
= 38 + 5b2_62+5bz —2X3a=—6a
= —3a + 112 ~2X —4b? =8k

So —2(3a — 4b?) = —6a + 8b?

Simplify these expressions:

1 4x -5y +3x+6y 2 3r+7t—5r+3t
3 3m—-2n—-p+S5Sm+3n—6p 4| 3ab - 3ac+ 3a— 7ab + Sac
; 5 7x%— 2x*+ Sx? — 4x? 6 4m’n+ 5Smn? - 2m*n + mn? — 3mn?
;3 | (7] s+ 1-32+20+7 8| 602+ 5x— 12+ 3x2—7x + 11
: *‘” 9 3x>-5x+2+3x2-7x—-12 10 4c%d + 5c¢d?> — c2d + 3cd? + 7¢%d
T .11 2x2+3x+ 1+ 2(3x2+6) 12 4(a + a’b) — 3(2a + a?b)
;: 13| 2(3x% + 4x + 5) — 3(x2 — 2x — 3) 14 7(1—x2) + 3(2 - 3x + 5x2)
o 18] 4@+ b+30-3a+ 2 16| 4(c + 3d?) — 3(2c + @)

5 =32+ 2x - 5) + 3x? 18 (P +32+9)— (2P + 32— 4)
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1,2 You can simplify expressions and functions by using rules of indices (powers).

B g" x g"=gmtn .

a"+a'=a"™"

(am)n = gmn
1
a—m —_——
am
_1_ _
am=\a* The mth root of a.
a_r:l? = Va"

Simplify these expressions:
a x2xx° b 2r2 X 378 c b*+Dp
d 6x3+3x° e (a*)? X 2a? f (3x?)3 + x4

a x2Xx°

— x2+5 Use the rule a™ X g" = a™*" to simplify the
; index.
=X
b 2r2X3r® . : :
oo Rewrite the expression with the numbers
=2X5XreXr together and the r terms together.
_ 2+3 2X3=6
= Gr°
c br=pte Use the rule @” = a" = g™ "
— b4_4
=p=1" Any term raised to the power of zero = 1.
d _6x°+3x"°
:6+5><x_5+x_5 x 3= xS=x3"5=yx2
=2 X x*
= 22
e (2°)?X2z° Use the rule (a™)" = a™ to simplify the index.
a’x2a’?=1Xx2Xa®x a?
= a° X 24° —2 % gb+2
=2 X a°X g°
=2 X g6%2
=24°
£ (3x%)° = x* Use the rule (a™)" = a™ to simplify the index.
= 27x° + x*
=27 =1 X x8 = x*
=27 X x°~* -

= P2
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Simplify these expressions:
1 %3 Xuxt

4p* = 2p

k3 - k*Z

10x5 + 2x~3

(2a%)? + 2a3

2a74 X 3a>®

9x% X 3(x?)3

7a* X (3a*)?

2a% + 3a? X 6a®

2x3 X 3x?

x4 +x?
(yZ)S

(p3)? + p

8p~t + 4p3
21a®b? = 7ab*
3x3 X 2x2 X 4x5
(4y%)* + 2y
3a* X 2a° X a?

term outside.

1.3 You can expand an expression by multiplying each term inside the bracket by the

e 2x(5x+3) — 5(2x + 3)

Expand these expressions, simplify if possible: Hint: A — sign outside a
a 5(2x+3) b —3x(7x — 4) bracket changfes t‘he sign

of every term inside the
c y2(3-2y%) d 4x(3x — 2x2 + 5x3) brackets.

_a b2x+3)-

5X2x+5x%3

=10x+15

—3x X 7x=-=-21x"t1=—-21x2

b —3x(7x—4) -

—3xX —4=+12x

y2>< —2}/3= _2y2+3= —2}/5

Remember a minus sign outside the brackets

= —21x%2 + 12x
‘ c_ Y45 —2y°)
d 3
22 _ 5.5
'3 | Sy =2y
.\
X d 4x(3x — 2x* + 5x°)
= 12x%2 — &x° + 20x*
Sl | e 2x(5x+3)—5(2x+3)
2 ol
L =10x%+ 6x — 10x — 15

changes the signs within the brackets.
—— Simplify 6x — 10x to give —4x.

— =10x2—4x—15
L_I_l
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Expand and simplify if possible:

1 9x—-2) 2 x(x+9)

3 -3y(4-3y 4 x(y+5)

5 —x(3x+5) 6 —Sx(4x+1)

7 (4x + S)x 8 -3y(5-2y

9 —2x(5x —4) 10 (3x — 5)x?

11 30 +2)+@x—7) 12 56— 6-(3x—2)

13 x(3x>—2x +5) 14 7y*(2 — Sy + 3y?)

15 —2y*(5 -7y + 3y?) 16 7(x—2)+3(x+4)—6(x—2)
17 5x—3(4—-2x)+6 18 3x2—x(3—4x)+7

19 4x(x +3) — 2x(3x — 7) 20 3x2(2x + 1) — 522(3x — 4)

],4 You can factorise expressions.

B Factorising is the opposite of expanding expressions.

When you have completely factorised an expression, the terms inside do not have a common factor.

Example [}

Factorise these expressions completely:
a3x+9 b x? - 5x c 8x2+20x
d 9x%y + 15xy? e 3x2—-9xy

_a Sx+9

=3(x+3)* 3 is a common factor of 3x and 9.

b x?—5x
=x(x —5H)

x is a common factor of x2 and —5x.

c 5x%+ 20x

= A4x(2x + 5) 4 and x are common factors of 8x2 and 20x.
So take 4x outside the bracket.

d__9x?y + 15xy*
= 3xy(dx + 5y)

3, x and y are common factors of 9x2y and
15xy2. So take 3xy outside the bracket.

e  2x*—9xy
= dx(x = 3Y)




cuarrer 1 Dr. Faisal Rana www.biochemtuition.com faisal.rana@biochemtuition.com

Factorise these expressions completely:

1 4x+8 2 6x—24
20x + 15 4| 2x%+4
4x2 + 20 6 6x>—18x
x%—7x 8 2x%+4x
3x% -« 10 6x2 — 2x
10y% - Sy 12/ 35x% — 28x
x4+ 2x 14 3y>+2y
4x% + 12x 16 5y — 20y
9xy? + 12x% 18 6ab — 2ab?
Sx% — 25xy 20 12x%y + 8xy?
15y — 20yz? 22 12x*-30
xy? — x%y 24 12y>—4yx

],5 You can factorise quadratic expressions.

Wy
o B A quadratic expression has the form ax? + bx + ¢, where q, b, c are constants and a # 0.
PEIN 5 |
SEA Factorise:
i ) a 6x%+9x bx>-5-6
E c x2+6x+8 d 6x2-11x - 10
f e x2—-25 f 4x%—9y?
J —— 3 and x are common factors of 6x2 and 9x.
P £ TR0 —— So take 3x outside the bracket.
el a2 ©x*+9x
=3x(2x + 3)*
1 —— Herea=1,b=-5and c= —6.
d 4 You need to find two brackets that multiply
'S b x2—By—6¢ together to give x> — 5x — 6. So:
The' ¥ — @ Work out ac.
ac=—0¢* .
@ Work out the two factors of ac which
X Sox?—bx+6=x>+x—-6x—06 add that give you b.
= x(x+ 1) — 6(x +1)° “6and #1=-5
- @ Rewrite the bx term using these two
. ‘_ =(x+Nx—06)* factors.
- T @ Factorise first two terms and last two
.5!_' ' terms.
L]
! — @ x + 1 is a factor of both terms, so take
1 that outside the bracket. This is now

completely factorised.
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c x*+06x+8&
=x+t2x+4x+ &
=x(xt2)+4(x+2)"
=(x+2)(x+4)

Since ac= 8 and 2 + 4 = 6 = b, factorise.
—— X + 2 is a factor so you can factorise again.

d 6x2—11x-—10

=6x2—15x+4x —10°*
- B
=23x(2x —5)+ 2(2x — 5)

ac=—-60and4—-15=—-11=b.
Factorise.
Factorise (2x — 5).

=(2x —H)(3x + 2)° [
e x*>—25 This is called the difference of two squares as
o 5 the two terms are x2 and 52.
=x°—-5 | The two x terms, 5x and —5x, cancel each
=(x+5)(x—D5) other out.
£ 4x*—9y° This is the same as (2x)? — (3y)%
= D242 — R2y2
= (2x + 2y)(2x — 3y)
B x2-y’=(@+y)x —y)
This is called the difference of two squares.
Factorise:
1 x%2+4x 2 2x%+6x
3| x2+11x+ 24 4 x2+8x+12
5 x2+3x—40 6 x2—8x+12
7 x*2+5x+6 8 x2—-2x—-124
9| x2-3x-10 10 x2+x—20
11 2x2+5x+2 120 3x2+10x— 8
13 Sx>—-16x+3 14 6x>—-8x -8 Hints:
15/ 242+ 7x — 15 16 2x* + 14x2 + 24 Question 14 — Take 2.out
as a common factor first.
17 x2—4 18 x2—49 Question 16 - let y = x2.
19 4x2-25 20 9x? — 25y? g
21 36x2—-4 22 2x%2-50
23 6x2—10x+ 4 24 15x%2+42x -9
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1,6 You can extend the rules of indices to all rational exponents.

B a"xag"=qg"t"
Hint: Rational numbers
. a
can be written as 7 where

a and b are both integers,
eg. —3.5, 13, 0.9, 7, 0.i3

Simplify: . 5
a xt=+x3 b x? Xx?

c x3)% d 215 = 45025

=x*=3 Use the rule "+~ g"= g™ ".
Remember — + — = +.

L This could also be written as Vx.
+2 Use the rule g™ X g" = gm*".

2
¢ (x°)3 Use the rule (a™" = a™.

m - AN — AM—n
d 2x'8 = 4x025 ;J.:e;c‘hflrulea -a"=qa"n,

_ %x1'5‘_0'25 1.5--0.25=1.75

1
= 175

~

=l Example |
i

"y ' Evaluate:
5 a9 b 643
3

c 493 d 25

-
=
s’
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a 97
1 m
=19 Using am = Va. A
=tz When you take a square root, the answer can
be positive or negative as + X + = + and
- X — =+,
b 64%
= V64, This means the cube root of 64.
=4 T As4X4X4=64.
3
c 492 -
— /20N Using am = Va".
(V49) This means the square root of 49, cubed.
= £343
d 25 :2
1 i 1
= 7 C singa m=—.
257 T
B 1
(£V25)° . V25 = +5
1
- (x5p
1
— t .
125

1 Simplity:
axd+x? b x°+ x’ c X7 Xx?
d (x2)2 e ()3 £ 3x05 X 4x 05
2 1 12 2 . -
g 9x3 + 3x5 h 5x'5 +x5 i 3x*X 23
2 Evaluate:
a 252 b 812 c 273
d 42 e 92 £ (=52
3 1 . 9.3 B
g () h 12967 i (1)

win
A~
vy
-
|
—_
o
—~
|
s
[§]1y)
=
|
win

. 27
j G
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1,7 You can write a number exactly using surds, e.g. V2, V3 — 5, V19.
You cannot evaluate surds exactly because they give never-ending, non-repeating
decimal fractions, e.g. V2 = 1.414 213 562...

The square root of a prime number is a surd.

V(ab) =Va x Vb

\/E__VE
b Vb

B You can manipulate surds using these rules:

Simplify:
a V12 b%_Q c 5V6—-2V24 + V294
a V12
a1 =V(4 X 3)
Ny, — VI X V3 \L;%e:tgerule\/a_b=\/a><\/5.
=2V3
#0 . @ : V36 = VA x 5
i !
V4 =2
V4 x VB
' = Cancel by 2.
| 2 T
_2xV5 .
o e 2
B ¢ B5V6 —2V24 + V294
{ 1 | =5V6 — 2VeV4 + V6 X V49 . V6 is a common factor.
_ [ Work out the square roots V4 and V49.
=V6(5 — 2V4 + V49). T 5-4+7=8
' =VB(BE—2X2+7)-
S =Ve(8)
e =8&V6
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Simplity:
1 V28 2
4| V32 5
7 7 8
10| V175 + V63 + 2128 11
13 3V80 — 220 + 5V45 14

www.biochemtuition.com

V72

V90

V20 + V80
1V28 — 2V63 + V7

=%
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3 V50
19
6
9 V200 + V18 - V72
12 V80 — 2V20 + 3V45

15 V12 + 3148 + V75

1,8 You rationalise the denominator of a fraction when it is a surd.

B The rules to rationalise surds are:

1
® Fractions in the form \/:, multiply the top and bottom by Va.

® Fractions in the form

o Fractions in the form

Rationalise the denominator of:

=k

a

)
|
|

V3

1xX V3

~Vax\3

b [
3 +1\2

1% (3 —V2)

~ 3+ \V2)(3-V2)

B 35— V2
9—%\2+3\V2—2

_3-V2
7

\/—, multiply the top and bottom by a — Vb.

\/—, multiply the top and bottom by a + Vb.

Multlp\)/_y the top and bottom by V3.

( 3)2_

Multuf/_y top and bottom by (3 — V2).

9-2= 7-3W+3vz
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VB + V2
* VB2
(\/5 + \/E)(\/g + \/E) Multiply top and bottom by V5 + V2.
- (\/5 — \/E)(\/g + \/E) —— —V2V5 and V’5V2 cancel each other out.
5+ VBV2 + V2V5 + 2 Vsv2=v10
B 5—2
_7+2V10
=

Rationalise the denominators:

1 1 1
135 2 Vi1 3 V2
V15 Va8 V80
i) i , 1
V156 V63 1+V3
1 1 4
10 —— 11— 12 ——
2+V5 3-V7 3-V5
1 3-12 5
13 ——— 14 = 15 ——
S V5o v3 15 255
16 52 TR 8 V3-V7
V8 — V7 3+V11 V3 +V7
19 V17 -Vil 20 VAL+V29 o1 V2-V3
V17 + V11 Va1 — V29 V3-\2
g ) 1 Simplify:
i 4] ayxy b 3x? X 2x°
: c (4x%)3 + 2x5 d 4b% X 3b3 X b*

1 2 Expand the brackets:
. a 35y +4) b 5x%(3 — 5x + 2x?)
3T c Sx(2x + 3) — 2x(1 — 3x) d 3x%(1 + 3x) — 2x(3x — 2)

i 3 Factorise these expressions completely:
- a 3x2+ 4x b 4y2+ 10y
c x?+xy +xy? d 8xy? + 10x2y




Dr

. Faisal Rana

Factorise:
ax2+3x+2

c x2—2x-35
e 5x2—13x -6

Simplify:
a 9x3+3x3

c 3x2X 2x*

Evaluate:
8\2
—13

*(3)

Simplify:
3

2 V63

Rationalise:
1

a3

c 3
V3-2

www.biochemtuition.com

b 3x% + 6x
d 2x2—x-3
f 6—5x—x2

3 1
b (42)3
d Bx% + 6%

2z
3

N |w

225
b (550

b V20 + 2V45 - V80

=2
|‘H

="
SR
+ 11
<ls)

faisal.rana@ biooh@miuittonmcans
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Summary of key points

1 You can simplify expressions by collecting like terms.

2 You can simplify expressions by using rules of indices (powers).

g am X gh = gm+n
-2 naf am = gh = gn—n
1
am=—
am
1
am ="a
n
am =g
(am)n_amn
=1l

3 You can expand an expression by multiplying each term inside
the bracket by the term outside.

4 Factorising expressions is the opposite of expanding expressions.

-—

5 A quadratic expression has the form ax? + bx + ¢, where a, b, ¢ are
constants and a # 0.

i 6 x*-y’= (X +y)x-y)
This is called a difference of squares.

878 7 You can write a number exactly using surds.
! 8 The square root of a prime number is a surd.

9 You can manipulate surds using the rules:

| Vab =Vax Vb
& ﬁ_ﬁ
-y = T

10 The rules to rationalise surds are:

1
® Fractions in the form Vo multiply the top and bottom by Va.

® Fractions in the form a_-l-lﬁ' multiply the top and bottom by a — Vb.

1
® Fractions in the form TV multiply the top and bottom by a + Vb.
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