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After completing this chapter you should be able to

1 sketch cubic graphs

2 sketch the graph of the reciprocal function y =
3 find where curves intersect
4

understand how the transformations f(x + a), f(x) + g,
f(ax) and af(x) affect the graph of the curve y = f(x).

x| ==

You will analyse graphs in greater detail when you start
differentiation. It is worth remembering the techniques in
this chapter, because they will provide further information
about the shape of the function. Later on in the course
you will be asked to sketch complex graphs which are
simple transformations of a standard function..

Sketching curves

Did you know? ‘T

The following is a real life

example of a cubic function.
An open box is to be made  ;5cm
from a sheet of card 10cm

by 10 cm.

Identical squares are cut off . ,

the four corners of the card PRV S

as shown in Figure 1. i
Figure 1

The card is then folded

along the dotted linesto 1

make a box as shown in 16 /r

Figure 2. «—10-2%— »*10-2
Figure 2 '

The volume of the box
varies according to the
formula

V= (10 — 2x)%x

Can you give a reason
why the graph has not
been drawn for values
of x greater than 5 and
less than 0? Tab size

Volume of box against tab size

Volume of box
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4,1 You can sketch cubic curves of the form y=ax3 + bx>+ cx+ d

Sketch the curve with the equationy = (x — 2)(x — 1)(x + 1)

0= (x—2)x — N(x~+1 | Puty =0 and solve for x to find the roots
(the points where the curve crosses the
Sox=2orx=1lorx=—1 X-axis).

So the curve crosses the x-axis at

(2.0) (1,0) and (=1.0).

When x = O y=—2X—-1X1=2 L Put x = 0 to find where the curve crosses the
y-axis.

So the curve crosses the y-axis at (0, 2).

y 3
2X
X X >
-1 0 1 2 X
—— Check what happens to y for large positive
. o , and negative values of x.
When x is large and positive, y is
large and positive. *
When x is large and negative, y is You can write this as
o 7 X —>®, Y —®
large and negative. « = TR Y =
y A
X > ®, Y —
L This is called a maximum point because the
gradient changes from +ve to 0 to —ve.
> —— This is called a minimum point because the
x gradient changes from —ve to 0 to +ve.
X— —o, > —»
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In your exam you will not be expected to work out the coordinates of the maximum or minimum
points without further work, but you should mark points where the curve meets the axes.

Example B3
Sketch the curves with the following equations and show the points where they cross the

coordinate axes.

ay=x-2)(1-x)(1+x) by=x@x+1)x+2)

a O=(x—2)1—x)(1+x)
Sox=2,x=1orx=—1 Put y = 0 and solve for x.

So the curve crosses the x-axis at
(2.0), (1,0) and (=1,0).

Whenx=0,y==2X1X1==2

S0 the curve crosses the y-axis at

Find the value of ¥ when x = 0.

(0, =2).
yl
X X X >
-1 0 1 2 X
DX Y— —X Check what happens to y for large positive
X — —0 1 — ®© and negative values of x.

Notice that this curve is a reflection in the
X x-axis of the curve in Example 1.
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b y=x(x+NDN(x+2)
0=x(x+N(x+2) Put ¥ = 0 and solve for x.

So x=0,x=—lorx=—2

So the curve crosses the x-axis at
(0,0), (=1,0) and (=2,0).

So the curve crosses the y-axis at (0, 0).

KRy

Check what happens to y for large positive
and negative values of x.

Ky

Sketch the following curves.

ay=@x-1>%x+1)
Ebyx32x23x
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_a  y=(x—17%(x+1)
0= (x—1%(x+1)
Sox=1lorx=—1.

Put ¥ = 0 and solve for x.

So the curve crosses the x-axis at (1, O)
and (—1, 0).

Whenx =0 y=(—1)2 X1=1

Find the value of ¥ when x = 0.

So the curve crosses the y-axis at (O, 1).

y A
1X
R0 X x
X >0,y —>%0
Check what happens to y for large positive
X—= —R Y — —X and negative values of x.

T X ®, Yo ®

/ —— x =1 is a ‘double’ root.

1 0 1 * T X > —o, i > —o
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b y=x®—2x*—3x
= x(x2 — 2x — 3)

=x(x=3)(x+1) |

First factorise.

O=x(x—=3)(x+1)
Sox=0,x=%o0rx=—1
h rve cr he x-axi So the curve crosses the y-axis at (0, 0).

(3, 0) and (—1, O).

L
%(
wX
KRy

X =%, Y —>®

Check what happens to y for large positive
X—> =0 Y — —© and negative values of x.

1| Sketch the following curves and indicate clearly the points of intersection with the axes:

ay=x-3)x—-2)(x+1) by=x-1x+2)(x+3)
cy=@x+1x+2)x+3) dy=x+1)1-x)x+3)
e y=x—-2)x—-3)(4—x) f y=x(x-2)x+1)
gy=x(x+1x—-1) hy=xx+1)(1-x)

iy=x-2)2x—-1)2x +1) j y=x2x-1)x+3)
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2 Sketch the curves with the following equations:

ay=@x+1>*x-1 by=@x+2)x-1)>
cy=02-x)x+1)7? dy=x-2)x+1)7?
e y=x*x+2) fy=@x-1%«
g§y=(010-x?@+x) hy=@-17?Q@-x)
iy=x*2-x) j y=x*(x-2)

3 Factorise the following equations and then sketch the curves:

ay=x3+x*-2x b y=x3+ 5x2+ 4x
cy=x3+2x>+x dy=3x+2x>-x°
e y=x3—x? fy=x-x3

g y=12x3-3x hy=x3-x*-2
i y=x3-9% j y=x%-9x?

4.2 You need to be able to sketch and interpret graphs of cubic functions of the form
y=x.

Sketch the curve with equation y = x3.

O=x2 -

So the curve crosses both axes at (O, O).

2
y=x° ‘—5‘—1‘0‘1 ‘8

Put ¥ = 0 and solve for x.

As the curve passes the axes at only one
point, find its shape by plotting a few points.

— Notice that as x increases, 1 increases rapidly.

— The curve is ‘flat’ at (0, 0). This point is
called a point of inflexion. The gradient is
> positive just before (0, 0) and positive just
x after (0, 0).

Notice that the shape of this curve is the
same as the curve with equation
y = (x + 1)3, which is shown in Example 5.
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Sketch the curve with equations:

ay=-x3 by=+1)3 cy=03-x)3

Show their positions relative to the curve with equation y = x3.

a_y=—x°
You do not need to plot any points. It is
4 quicker if you realise the curve y = —x3is a
reflection in the x-axis of the curve y = x3.
You can check this by looking at the values
5 5 used to sketch y = x3. So, for example, x = 2
y= =X y=x will now correspond to iy = —8 on the curve
y=—x3
0 x
The curve is still flat at (0, 0).
b y=(x+1)°
0= (x+1)°
. Put y = 0 to find where the curve crosses the
Sox = —1 x-axis.
T NN g Ay g — )F/‘_uatxics= 0 to find where the curve crosses the
(=1.0).
Whenx=0,y=1°=1"*
So the curve crosses the y-axis at (0, 1).
yn
y = (x +|1)3
y =x3 The curve has the same shape as y = x3.

1 You do not need to do any working if you
realise the curve y = (x + 1)3 is a translation
of —1 along the x-axis of the curve y = x3.

The point of inflexion is at (—1, 0).
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c y=(3—x)°

0= (3—x)°
‘ _ Put i = 0 to find where the curve crosses the
20X=3 X-axis.

th rve crosses the x-axis at

When x = 0, y = 3% = 27

Put x = 0 to find where the curve crosses the

y-axis.
S0 the curve crosses the y-axis at
(0, 27).
ya You can write the equation for the curve as
y=[-(x—-3)PFsoy=—(x—3)so the
curve will have the same shape as y = —x°.
J— y=(3 -1 You do not need to do any working if you

realise the curve y=(3 —x)}= —(x - 3)%is a
0 x translation of +3 along the x-axis of the

3
curve y = —x°.

The point of inflexion is at (3, 0).

1 Sketch the following curves and show their positions relative to the curve y = x3:
ay=x-2° by=2-x2° cy=@x-1)°
dy=@x+2)3 e y=—-(x+2)3

2 Sketch the following and indicate the coordinates of the points where the curves cross the
axes:

ay=(@x+3)3 b y=(x—3)} cy=(1-x)3
dy=-x-2° ey=-@-3)°

. k .
4,3 You need to be able to sketch the reciprocal function y=x where k is a constant.

1
Sketch the curve y = X and its asymptotes.
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The curve does not cross the axes.

y=—
* The curve tends towards the x-axis when
When x = O, y is not defined. x is large and positive or large and negative.
_ . . The x-axis is a horizontal asymptote.

~ Wheny =0, xisnot defined.

x>+, y—>0 The curve tends towards the y-axis when y
is large and positive or large and negative.

X ==%1y=0 The y-axis is a vertical asymptote.

Y=+, x—=0

4 X
1 1 1 1
a2 M s 2 0 20 I
y=z —1 ‘—2‘ —4‘ 4 ‘ 2 ‘1
yﬂ
44
The curve does not cross the x-axis or y-axis.
2+ You need to plot some points.
14

You can draw a dashed line to indicate an
X asymptote. (In this case the asymptotes are
the axes, but see Example 11.)

N
N[—=—

. . k . .
B The curves with equations y =  fall into two categories:

Type 1 Type 2
_kiso _K k<0
Y= Y=
y A y A
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Sketch on the same diagram:

4 dy— 12 by 1 dy— 3
ay=_andy=— y=-yandy=-—--
a
yl
12
Y =%
The shape of these curves will be Type 1.
Yy :,%// In this quadrant, x > 0
12 4
0 x so for any values of x: ~
y=75
In this quadrant, x <0
=12 f | fx: E i
Y= so for any values of x:  —— <<
b

The shape of these curves will be Type 2.

In this quadrant, x <0

-3 _ -1
so for any values of x: - > -

In this quadrant, x >0

-3 -1
so for any values of x: < < -

Exercise m

Use a separate diagram to sketch each pair of graphs.

2 4 2 2 4

1 y=;andy=; 2 y=;andy=—; 3 y=—;andy=—;
_ 3 andy= 2 _ 3yl

4y—xany—x 5| y= p andy= -~
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4,4 You can sketch curves of functions to show points of intersection and solutions to
equations.

a On the same diagram sketch the curves with equations y = x(x — 3) and y = x?*(1 — x).

b Find the coordinates of the point of intersection.

_a y=x(x—23)

0=x(x—=2)
: Put y = 0 and solve for x.

Sox=0orx=2.

So the curve crosses the x-axis at
(0, 0) and (3, O).

Y= x*1=x)

0= x*(1—x) ’7 Put ¥ = 0 and solve for x to find where the
! curve crosses the x-axis.

Sox=0orx=1.

So the curve crosses the x-axis at The curve crosses the y-axis at (0, 0).

(0, O) or (1, 0).

X—o® y——x | Check what happens to y for large positive
X —> —0, 1 — +00] and negative values of x.

y
A A cubic curve is always steeper than a
. quadratic curve, so it will cross over
y =x(x — 3) somewhere on this side of the y-axis.
B
0 7 X
C
y =x%1—x)
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b From the graph there are three points

where the curves cross, labelled A, B

and C. The x-coordinates are given by

the solutions to the equation.
x(x —3) = x*(1 — x)

X2 —3x = x2— x° Multiply out brackets (see Section 1.3).
x> —2x=0 -+ Collect terms on one side.
x(x>=3)=0* Factorise.
x(x — \/5)(x I \/5) =0+ Factorise using a difference of 2 squares.
So x=—V3,0,V3

You can use the equation y = x*(1 — x)

to find the y-coordinates.

5o the point where x is negative is
A(=V3, 31+ V3]), Bis (0, 0) and C
is the point (\/5, 31 — \/5]).

Example ]

2
a On the same diagram sketch the curves with equations y = x?(x — 1) and y = —.
x

2
b Explain how your sketch shows that there are two solutions to the equation x*(x — 1) — — = 0.
x

_a y=x*(x—1)
p=x2(x—1)
Sox=0orx=1.

Put ¥ = 0 and solve for x.

So the curve crosses the x-axis at
(0. 0) and (1. O) The curve crosses the y-axis at (0, 0).

X —®, =™

X — % Y= — X L Check what happens to y for large positive
yA and negative values of x.

SIS
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b From the sketch there are only two

in f inter ion of th 4%
_ This means there are only two values

of x where

You would not be expected to solve this
equation in CT.

Exercise

1 In each case:
i sketch the two curves on the same axes

ii state the number of points of intersection
iii write down a suitable equation which would give the x-coordinates of these points.
(You are not required to solve this equation.)
3
ay=x%y=xx>-1) by=x(x+2),y=—;
2
cy=x*y=@+1)x-1)7 dy=x*1-x),y=- x Hint: In question 1f,
1 check the point x = 2 in
e y=x(x—4),y= < fy=x(x—4),y=— both curves.
3 3 2
gy=x(x—4),y=x—-2) hy=—x,y=—;
iy=-xy=x* j y=-x%y=-x(x+2)
2| a On the same axes sketch the curves given by y = x?(x — 4) and y = x(4 — x).

K| =

b Find the coordinates of the points of intersection.

3 a On the same axes sketch the curves given by y = x(2x + 5) and y = x(1 + x)?
b Find the coordinates of the points of intersection.

4 a On the same axes sketch the curves given by y = (x — 1) and y = (x — 1)(1 + x).

b Find the coordinates of the points of intersection.
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27

5| a On the same axes sketch the curves given by y =x?and y = — <

b Find the coordinates of the point of intersection.

6 a On the same axes sketch the curves given by y =x? — 2x and y = x(x — 2)(x — 3).
b Find the coordinates of the point of intersection.

2
7 a On the same axes sketch the curves given by y = x*(x — 3) and y = e
b Explain how your sketch shows that there are only two solutions to the equation

x3(x —3)=2.

8 a On the same axes sketch the curves given by y = (x + 1)> and y = 3x(x — 1).
b Explain how your sketch shows that there is only one solution to the equation

x*+6x+1=0.
_ 1
9 a On the same axes sketch the curves given by y = X andy = —x(x — 1)%
b Explain how your sketch shows that there are no solutions to the equation
1+x%(x—1)>=0.
10, a On the same axes sketch the curves given by y =1 — 4x2 and y = x(x — 2).

b State, with a reason, the number of solutions to the equation x* + 4x — 1 = 0.

11/ a On the same axes sketch the curve y = x3 — 3x2 — 4x and the line y = 6x.

b Find the coordinates of the points of intersection.

12 a On the same axes sketch the curve y = (x> — 1)(x — 2) and the line y = 14x + 2.

b Find the coordinates of the points of intersection.

13| a On the same axes sketch the curves with equations y = (x — 2)(x+ 2)? and y = —x2 — 8.

b Find the coordinates of the points of intersection.

4.5 You can transform the curve of a function f(x) by simple translations of the form:
e f(x + a) is a horizontal translation of —a
e f(x) + a is a vertical translation of +a.

FENTI N 10

Sketch the curves for:
a f(x) =x? b gx) = (x — 2)? c hx)=x2>+2
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a f(x)=x?

b glx)=(x—2)

S0 g(x) =f(x — 2)

¢ hix)l=x=+2

So h(x) =f(x)+ 2

a Given that i f(x) =x3

hb

ii gx) =x(x —2),

Here a = —2 so g(x) is a horizontal
translation of —(—2) = +2 along the x-axis.

Here a = +2 so h(x) is a vertical translation
of +2 along the y-axis.

sketch the curves with equation y = f(x + 1) and g(x + 1) and mark on your sketch the points

where the curves cross the axes.

1
Given that h(x) = L sketch the curve with equation y = h(x) + 1 and state the equations of

any asymptotes and intersections with the axes.
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i The graph of f(x) = x° is

y = f(x) = %

So the graph of y =f(x + 1) is

yl

y=fx+1) =@+ 1)>

4

KRy

-1 0
ii g(x)=x(x —2)
The curve is Iy =x(x —2)
0=x(x—2)

Sox=0orx=2

So the curve crosses the x-axis at

(0, 0) and (2, 0).

y =8k =x(x—2)

faisal.rana@biocheiiiffiis C6Hs

First sketch f(x).

Here a= +1 so it is a horizontal translation
of —1 along the x-axis.

In this case the new equations can easily be
found as y = (x + 1)3 and this may help with
the sketch.

Put i = 0 to find where the curve crosses the
X-axis.

First sketch g(x).
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So the graph of y = g(x + 1) is

a= +1 soitis a horizontal translation of —1
y=gx+1) =@+ 1) —1) along the x-axis.
You find the equation for g(x + 1) by replacing

x by (x + 1) in the original equation. So
y=gx+N)=@+N)x+1-2)=+T)(x—-1).

You can see this matches your sketch. The
intersection with the y-axis is now at (0, —1).

yl

|
—
é
&
Ky

1
b The graph of h(x) = L

First sketch h(x).

So the graph of y = h(x) + 1is

y‘l

Here a = +1 so it is a vertical translation of
W T +1 along the y-axis.
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The curve crosses the x-axis once.

1
= +1=—+
y=h(x)+1 . 1

4+ 1 Put i = 0 to find where the curve crosses the
X-axis.

0=

R | =R =

—1=

x = —1

So the curve intersects the x-axis

at (=1, 0).

The horizontal asymptote is y = 1.

The vertical asymptote is x = O.

1| Apply the following transformations to the curves with equations y = f(x) where:

i f(x) =x? ii f(x) =x3 iii f(x) = %

In each case state the coordinates of points where the curves cross the axes and in iii state
the equations of any asymptotes.

a f(x+2) b f(x) +2 c fx—-1)

d fx)—1 e f(x)—3 f f(x—3)

2 a Sketch the curve y = f(x) where f(x) = (x — 1)(x + 2).
b On separate diagrams sketch the graphs of i y = f(x+ 2) iiy = f(x) + 2.

¢ Find the equations of the curves y = f(x+ 2) and y = f(x)+ 2, in terms of x, and use these
equations to find the coordinates of the points where your graphs in part b cross the y-axis.

3 a Sketch the graph of y = f(x) where f(x) = x%(1 — x).
b Sketch the curve with equation y = f(x+ 1).

¢ By finding the equation f(x+ 1) in terms of x, find the coordinates of the point in part b
where the curve crosses the y-axis.

4 a Sketch the graph of y = f(x) where f(x) = x(x — 2)2.
b Sketch the curves with equations y = f(x) + 2 and y = f(x + 2).
¢ Find the coordinates of the points where the graph of y = f(x + 2) crosses the axes.

5 a Sketch the graph of y = f(x) where f(x) = x(x — 4).
b Sketch the curves with equations y = f(x + 2) and y = f(x) + 4.

¢ Find the equations of the curves in part b in terms of x and hence find the coordinates of
the points where the curves cross the axes.
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4,6 You can transform the curve of a function f(x) by simple stretches of these forms:

1
e f(ax) is a horizontal stretch of scale factor o’ SO you multiply the x-coordinates

by —‘1’ and leave the y-coordinates unchanged.

e af(x) is a vertical stretch of scale factor a, so you multiply the y-coordinates by
a and leave the x-coordinates unchanged.

Given that f(x) = 9 — x2, sketch the curves with equations:
a y=f(2x) b y = 2f(x)

a fx) =9 — x?

S0 fx) =B =x)(5+x) * You can factorise the expression.

The curveis Yy = (3 — x)(3 + x)
0=(3=x)(>+X) Put ¥ = 0 to find where the curve crosses the

Sox=3orx=—=3 X-axis.

So the curve crosses the x-axis at
(3,0) and (=3, 0).
Whenx=0,y=3X3=9 Put x = 0 to find where the curve crosses the
So the curve crosses the y-axis at Yy-axis.
(0, 9).
The curve y = f(x) is

y A

First sketch iy = f(x).
9
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y = f(2x) s0 the curve is

-1.5 0

b y = 2f(x)

So the curve is

ylk
18

y = f(ax) where a = 2 so it is a horizontal
stretch with scale factor 5.

Check: The curve is y = f(2x).
Soy=(3—2x)(3 + 2x).
Wheny=0,x=-150rx=1.5.

So the curve crosses the x-axis at (—1.5, 0)
and (1.5, 0).

When x =0, y =9.
So the curve crosses the y-axis at (0, 9).

y = af(x) where a = 2 so it is a vertical
stretch with scale factor 2.

Check: The curve is y = 2f(x).
Soy=23-x)(3 +x).
Wheny =0, x=3orx=—3.

So the curve crosses the x-axis at (—3, 0)
and (3, 0).

Whenx=0,y=2X9=18.
So the curve crosses the y-axis at (0, 18).
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a On the same axes sketch the graphs of y = f(x), y = 3f(x) and y = f(3x) where:

ifx)=x3 ii f(x) = %

b On the same axes sketch the graphs of y = f(x), y = —f(x) and y = f(—x) where f(x) = x(x + 2).

a i f(x)=x°

y = 3f(x) is equivalent to y = 3x* and this

ya —
y = 3fk) will be steeper than y = x3. It is a vertical
y = f(x) stretch of f(x) with scale factor 3.
y = f(5%)
\ x3
> This is equivalent to y = —= and this will be
0 X 27
more shallow than y = x3.
It is a horizontal stretch of f(x) with scale
factor 3.
. 1
i f(x) =—
X
Y
3 . 1
V=7 will be above v = R

\\ I
(=)
Ry
| —

f(Gx) =

3
= — so this curve will be the
1x X

W

K| w

same as I =
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b f(x)=x(x + 2)

y =f(—x)is y = (—x)(—x + 2) which is

Yy =x2—2x ory=x(x — 2) and this is a

yA g reflection of the original curve in the y-axis.
y = i) Alternatively multiply each x-coordinate by

—1 and leave the y coordinates unchanged.

y = f(x)

y=—fx)isy=—-x( + 2) and this is a
> reflection of the original curve in the x-axis.

2 x . .
Alternatively simply remember each
y-coordinate is multiplied by —1 and the
) X-coordinates remain unchanged.
y=—fk

1| Apply the following transformations to the curves with equations y = f(x) where:
. . 1
if(x) =x? ii f(x) =x° iii f(x) = X

In each case show both f(x) and the transformation on the same diagram.

a f(2x) b f(—x)
c f(3x) d f(4x)
e f(3x) f 2f(x)
g —fx) h 4f(x)
i i) it

2| a Sketch the curve with equation y = f(x) where f(x) = x% — 4.
b Sketch the graphs of y = f(4x), y = 3f(x), y = f(—x) and y = —{(x).

3 | a Sketch the curve with equation y = f(x) where f(x) = (x — 2)(x + 2)x.
b Sketch the graphs of y = f(3x), y = f(2x) and y = —f(x).

4 a Sketch the curve with equation y = f(x) where f(x) = x?(x — 3).
b Sketch the curves with equations y = {(2x), y = —f(x) and y = f(—x).

5 a Sketch the curve with equation y = f(x) where f(x) = (x — 2)(x — 1)(x + 2).
b Sketch the curves with equations y = f(2x) and f(5x).
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4.] You need to be able to perform simple transformations on a given sketch of a
function.

Example [ ¥4

The following diagram shows a sketch of the curve f(x) Al 4)

which passes through the origin. The points A(1, 4) y = @)
and B(3, 1) also lie on the curve.
Sketch the following:

B3, 1)
ay=fx+1) by=fx-1) c y=fx)—4 >
In each case you should show the coordinates of the
images of the points O, A and B.

a f(x +1)

y4 Move f(x) 1 unit to the left.
(0, 4)

21

b f(x —1)
Y This means move f(x) 1 unit to the right.
(2, 4)
4, 1)
0 /1 X
c f(x)—4
y Move f(x) down 4 units.

\I
o

o

Ry

1,0 /

(31 _3)
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1| The following diagram shows a sketch of the curve
with equation y = f(x). The points A(0, 2), B(1, 0),
C(4,4) and D(6, 0) lie on the curve.

Sketch the following graphs and give the coordinates

of the points A, B, C and D after each transformation:

af(x+1) b f(x) -4 c f(x +4)
d f(2x) e 3f(x) f f(3x)
g () h {(-x)

2 The curve y = f(x) passes through the origin and
has horizontal asymptote y = 2 and vertical
asymptote x = 1, as shown in the diagram.

Sketch the following graphs and give the equations
of any asymptotes and, for all graphs except a, give
coordinates of intersections with the axes after each

transformation.

a f(x)+2 b f(x +1) c 2f(x)
d f(x) -2 e f(2x) f f(3x)
g () h —f(x)

3 The curve with equation y = f(x) passes through the
points A(—4, —6), B(—2,0), C(0, —3) and D(4, 0)
as shown in the diagram.

Sketch the following and give the coordinates of
the points A, B, C and D after each transformation.

a f(x —2) b f(x)+6 c f(2x)
d f(x +4) e f(x)+3 f 3f(x)
g 3f@) h f(;x) i —f(x)
i f(=x)

4 | A sketch of the curve y = f(x) is shown in the
diagram. The curve has a vertical asymptote
with equation x = —2 and a horizontal
asymptote with equation y = 0. The curve
crosses the y-axis at (0, 1).

a Sketch, on separate diagrams, the

faisal.rana@biocheiiiffiis C6Hs

y A
4, 4)
\ C
21A
B D N
0 1 6\ X
| : \
y=2 =
0 1! x
yl
D,
X

graphs of:

i 2f(x) ii f(2x) iii f(x — 2)
iv f(x) -1 v f(—x) vi —f(x)

In each case state the equations of any
asymptotes and, if possible, points where
the curve cuts the axes.

b Suggest a possible equation for f(x).

e
)
S

Ky
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Mixed exercise m

1| a On the same axes sketch the graphs of y =x%(x — 2) and y = 2x — x2.

b By solving a suitable equation find the points of intersection of the two graphs.

6
2 a On the same axes sketch the curves with equationsy =—andy =1 +x.
X

b The curves intersect at the points A and B. Find the coordinates of A and B.

¢ The curve C with equation y = x2 + px + ¢, where p and q are integers, passes through A
and B. Find the values of p and 4.

d Add C to your sketch.

3 | The diagram shows a sketch of the curve y = {(x). The point B(0, 0) lies on the curve and the
point A(3, 4) is a maximum point. The line y = 2 is an asymptote.

I A3, 4)

Sketch the following and in each case give the coordinates of the new positions of A and B
and state the equation of the asymptote:
a f(2x) b 3f(x) c fx) -2
d f(x + 3) e f(x—3) f fx)+1
4 The diagram shows the curve with equation y = 5 + 2x — x? and the line with equation
y = 2. The curve and the line intersect at the points A and B.
y A

Ky

7=

Find the x-coordinates of A and B. G
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5 The curve with equation y = f(x) meets the coordinate axes at the points (-1, 0), (4,0) and
(0, 3), as shown in the diagram.

©, 3)

-L0f 0 4,0\ *

Using a separate diagram for each, sketch the curve with equation

ay=fx-1) b y=—1fx)

On each sketch, write in the coordinates of the points at which the curve meets the
coordinate axes.

6 | The figure shows a sketch of the curve with equation y = f(x).

5 0 x\i

In separate diagrams show, for —2 < x < 2, sketches of the curves with equation:

ay=f(-x) b y=—fx)
Mark on each sketch the x-coordinate of any point, or points, where a curve touches
or crosses the x-axis.

7 The diagram shows the graph of the quadratic function f. fx) 4
The graph meets the x-axis at (1, 0) and (3, 0) and the
minimum point is (2, —1).

a Find the equation of the graph in the form y = f(x).

b On separate axes, sketch the graphs of
iy="fx+2 ii y = f(2x).
iy=fx+2) i y = f(2x) Lo /30

¢ On each graph write in the coordinates of the 0 x
points at which the graph meets the x-axis 2, -1)

and write in the coordinates of the minimum

point. 9
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Summary of key points

1 You should know the shapes of the following basic curves.

y=a2 7]
0 x
¥4 Y=
yl
y=@&—-a)x—-b)x—c)
N /o c_,
: x VN
1
YT x
0 X

2 Transformations:
f(x + a) is a translation of —a in the x-direction.

f(x) + a is a translation of +a in the y-direction.

1 1
f(ax) is a stretch of p in the x-direction (multiply x-coordinates by E)'

af(x) is a stretch of a in the y-direction (multiply y-coordinates by a).
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