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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Differentiation
Exercise A, Question 1

Question:

Find the values of for which f(x) is an increasing function, given that)fequals:
(@) %+ 8x +2

(b) 4x — 3x2

()5 - & - 232

(d) 23 - 15¢ + 36x

€)3+X-3:+x3

() 5x3 + 12

(g) x* + 2x2

(h) x* - 8x3

Solution:

@) f(x) =3@+8x+2

fr (x) =6x+8

fr(x) >0 = 6x+8>0
-8

Sox > ry

-4

l.e.Xx> 3

(b) f(x) =4x- 32

f'(x) =4-6&

f'(x) >0 > 4-&>0
S04 > &

ie.x<4

X <

X <

wln ols

(©)f(x) =5-8&-2x2

f'(x) = -8-4&

f'(x) >0 = -8-4&>0
So - 8> 4 (add 4 to both sides)
ie.&X< -8

X< =2

(d) f(x) =23 - 15¢ + 36x
f' (x) =6x2—30x + 36
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fr(x) >0 = 62-30x+36>0

S06 (xX¥-5x+6) >0
ie.6(x-2) (x-3) >0
By considering the 3 regions

X<2[2<x<3|[x>3

6(Xx —2)x — 3)|| +ve -ve +ve

Thenx< 2 orx> 3

(e)f(x) =3+X-3%+x3

f' (x) =3-6x+3x2
f'(x)>0 = 3-&+3¢>0
So3(x¥-2x+1) >0
ie.3(x-1)2>0

Soxe Bx£1

Hf(x) =5+ 1

f'(x) =152+ 12
f'(x)>0 = 15%+12>0
This is true for all real values &f
Sox e R

@ f(x) =xt+2¢

fr(x) =43+4x

f'(x) >0 = 4&3+4x>0
So&(x2+1) >0
Asx2+1>0forallx, x>0

() f(x) =x4- 83

fr(x) =43- 242

f'(x) >0 = 4&3-242>0
SO42(x-6) >0
Asx2>0forallx,x-6>0
Sox>6
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Edexcel Modular Mathematics for AS and A-Level

Differentiation
Exercise A, Question 2

Question:

Find the values of for which f(x) is a decreasing function, given thaf)féquals:
(a)x2 — 9x

(b) 5x — x2

(c) 4 - X - x?

(d) 23 - 3x% - 12

(e)1-2%k+x3

Hx+ =

X

1

1
(@x2 +9%™ 2

(h)x* (x+3)

Solution:

(@) f(x) =x2-9x
fr(x)=2x-9

fr (x) <0 = 2x-9<0
SoX<9

i.e.x<4.5

(b) f(x) =5x-x?

fr(x) =5-2

fr(x) <0 = 5-2%<0
So5<X

ie.x>5

x>25

() f(x) =4-X%-x2
£ (x) = -2-x
fr(x) <0 = =-2-2X%<0

So -2<X
ie. x> -2
x> -1

(d)f(x) =23 -3x% -1

fr(x) =6x2-6x-12

f’(x) <0 = 6x¥°-6x-12<0

So6(x*-x-2) <0

ie.6(x-2) (x+1) <0

By considering the 3 regioms< -1, — 1 <x< 2,x> 2 determine
-1<x<2
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(e)f(x) =1-2%+x3
fr(x)=-27+32
f'(x) <0 = -27+3°<0
So < 27

i.e.x2<9
-3<x<3

() L 2
M f Wk

Sol<2—§’

X

Multiply both sides by?:
X2 < 25
-5<x<5

() 2

(g)ka) =x2 +9x~ 2

)
)
)
)
()

302 | x-9 | <o

N

x > 0 or the function is not defined
So0<x<9

(h)f(x) =x3+ 3%

f' (x) =3x%+6x

f'(x) <0 = 3x+6x<0

SoX(x+2) <0

Consider the regions< -2, — 2 <x < 0 andx > 0 to give
-2<x<0
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Edexcel Modular Mathematics for AS and A-Level

Differentiation
Exercise B, Question 1

Question:

Find the least value of each of the following functions:
(@f(x) =x2-1%+8

(b)f(x) =x2-8x-1

(€)f (x) =5x%+ 2x

Solution:

(@f(x) =x2-1%+8

f'(x) =2x-12

Putf’ (x) =0,then-12=0,i.ex=6
f(6) =62-12x6+8= —-28

The least value of X is — 28.

(b)f(x) =x2-8-1

f'(x) =2x-8

Putf’ (x) =0,then-8=0,i.ex=4
f(4) =42-8x4-1= -17

The minimum value of K) is — 17.

(c)f(x) =5x%+ 2
f7(x) =10k +2

Putf' (x) =0,then18+2=0,i.ex= ;_Ozorx: _ %
(a2, 1) _s 2 _ 1
f\_5):5\—5)2+2\—5):25_5:_5

The least value offf is -

© Pearson Education Ltd 2C
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Edexcel Modular Mathematics for AS and A-Level

Differentiation
Exercise B, Question 2

Question:

Find the greatest value of each of the following functions:
(@) f(x) =10 -5¢

(b)f(x) =3+ X-x?

©f(x) = (6+x) (1-x)

Solution:

(@) f(x) =10 - 52

fr(x)=-1x

Putf’ (x) =0,then - 18=0,i.ex=0
f(0) =10-5x¢=10

Maximum value of &) is 10.

(b)f(x) =3+ %-x2

f'(x) =2-%

Putf’ (x) =0,then2-2=0,i.,ex=1
f(l) =3+2-1=4

The greatest value ofxis 4.

(€)f(x) = (6+x) (1-x) =6-5-x
fr(x)=-5-2
1
Putf’ (x) =0,then -5-2=0,iex= -27
1 0.t 1
) :32 X32 :124

1
The maximum value of £ is 127 .
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Edexcel Modular Mathematics for AS and A-Level

Differentiation
Exercise B, Question 3

Question:

Find the coordinates of the points where the gradient is zero on the curves with the given equations. Establish whether
these points are maximum points, minimum points or points of inflexion, by considering the second derivative in each
case.

(@)y = 4x% + 6x
(b)y=9 +x-x2
E©y=x3-x2-x+1

(d)y=x(x2-4x-3)

(e)y=x+ 3

54
My=x+

(9)y=x-3Vx
1 )
(h)yy=x2 , x—-6
")
(i) y =x*— 12x2
Solution:

(@)y = 4x% + 6x

dy
i =8x+6

dy
PutdX =0

Then&+6=0
8= -6

>
[0}
>
x
1
|
N lw
A lw
N lw
Ao
N o
N o

Vool
)T

et (1)

(3 o
4

is a point of zero gradient

N—

g
—
J>I|
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(3 o) _
So \ -2 "2 ) iS a minimum point
(b)y=9 +x-x2
dy
o = 1-x

dy
Put % = 0
Then1-X=0

1
X= 2

1 1 ( 1\ 1

Whenx= 5,y=9+ 5 - L > ) 2=97

BN
i

1
So K 5,97 ] is a point with zero gradient

d%y
ae = ~2<0

(2 .1 . .
So K > ,94] IS @ maximum point

©y=x3-x2-x+1
dy
o =X -x-1

dx:
& _
Put s =0

Then3@-2x-1=

(3x+1) (x-1)
1

X= - 3orx:1

0
=0

3

w [+~
w [+~
w |+~

Yo (1)
Whenx = -
) LU 3
Whenx=1,y=13-12-1+1=0
(1 5 )
3

157 ) and (1, 0) are points of zero gradient

[

5%
dX2 —6X_2

1y
Whenx = - 3 2 -4<0

(1 5

SoK , 27) is a maximum point

dy
Whenle,& =6-2=4>0

w |

So (1, 0) is a minimum point

(A)y=x(x2-4x-3) =x3-4x% - 3x
dy
— =3*-8-3

dx:
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dy
PutdX =0

Then 32 -8x-3=0

(3+1) (x-3) =0
1

X= - gorS

w |~
w |~

Whenx:—i,y: ( - )2_3 ( _%

Yo, [
)
-1

Whenx=3,y=33-4xF-3x3= 8

14 )

1
So ( -3 " % ) and (3, —18) are points with zero gradient

&
dx2—6x—8
1 dy
Whenx = - g,@ = -10<0
( 19 ) . _
So K -3 —5] is @ maximum point
d?y
Whenx:3,§: +10>0

So (3, —18) isa minimum point

(e)y=x+ 7 =x+x"1

dy
Put 5, =0
Then1l-x"2=0
x2=1
X= 1

1
Whenx=1,y=1+ 1=2

Whenx= -1,y= -1+ "7 = -2

So(1,2)and ( =1, —2) are points with zero gradient
d?y

— 2X_3

dx?

&
Whenx=1,", =2>0
dx
So (1, 2) is a minimum point
d?y

Whenx = - ,g = -2<0

So ( -1, -2) isamaximum point
54

(Hy=x2+ = =x2+54"1

dy

5 -2

ax = 2X— 54

@y _
Puty, =0

Page3 of 5
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Then X-54x"2=0

el

X2

x3 =27
Xx=3

2X =

54

Whenx = 3,y = 32+ 3 =27

So (3, 27) is a point of zero gradient
d%y
— 5, =2+10&%"3

ax? =
d?y
Whenx:3,§ =6>0

So (3, 27) is a minimum point

1
2

(@y=x-3Vx=x-3x

1
2

N |-

1
o

& 3 3
dXZZZX 2
d Kl
Whenx = ,&:%x (%)—Z:EX (5)3:§>0

(o

So K 2 _Tg ) is @ minimum point

)
(hhy=x2 , x-6 =X 2 — 6X
")
j_i: gxi—Sx‘é
Pt = o

3 1 1
Thenzxz -3X" 2

=0
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N |w
N -
1
=
N |-

1
Multiply both sides by 2:
3
5Xx=3
x=2

So (2, -4V2) isa point with zero gradient

N |-

Whenx=2,y=2 = —4V2

=

dy 3 1 3 3
dX2_ 4X 2 + 2X 2

dy 3 3
Whenx=2, "> = 37, + 37, >0

So (2, -4V 2) isaminimum point

(i) y=x* - 12¢

Y _

o = A3 - 24
Y

Put 5, =0

Then 43 - 24x=0
4 (x2-6) =0
x=0orx= + V6
Whenx=0,y=0
Whenx= + \6,y= - 36

Page5b of 5
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So (0, 0), (V6, -36) and ( -V 6, —36) are points with zero gradient

dZ

oy 22— 2
dXZ_l - 24

d?y
Whenx:O,E:—24<0

So (0, 0) is a maximum point
d?y
Whenx2 = 6, G2 =48>0
So( V6, —36) and ( — Y6, —36) are minimum poin

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Differentiation
Exercise B, Question 4

Question:
Sketch the curves with equations given in question 3 parts (a), (b), (c) and (d) labelling any stationa

Solution:
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(2) VA
X
(—3.-7)
{b) VA
(3. 9%)
0l %
() _L-‘n
(-3 139)

/ 0 (1. 0) X

(d) Yy

(1 14

Page2 of 3
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Differentiation
Exercise B, Question 5

Question:

By considering the gradient on either side of the stationary point on theycam— 3x2 + 3x, show that this point is a
point of inflexion.
Sketch the curvy = x3 — 3x2 + 3x.

Solution:

y=x3- 3+ 3x
dy

=L _ a2 _
dx =3x*-6x+3

dy
Put’ =0

Then 3% - 6x+3 =0

3(x¥-2x+1) =0

3(x-1)2=0

x=1

whenx=1,y=1

So (1, 1) is a point with zero gradient.

Consider points near to (1, 1) and find the gradient at these points.

X 1.9 1 1.1

—= | 003 | 0 |0.03

+ye 0 +ye

The gradient on either side of (1, 1) is positive.
This isnot a turning point—it is a point of inflexion.

Y

(1, 1)

© Pearson Education Ltd 2C



Heinemann Solutionbank: Core Maths Z Pagel of 1

Dr. Faisal Rana www.biochemtuition.com faisal.rana@biochemtuition.com

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Differentiation
Exercise B, Question 6

Question:

Find the maximum value and hence the range of values for the fuf (x) =27 - 2x*.

Solution:

f(x) =27-2¢
fr(x)=-8
Putf’ (x) =0

Then -&3=0

Sox=0

f(0) =27

So (0, 27) is a point of zero gradient
f7 (x) = —242

f"” (0) =0 —not conclusive

Find gradient on either side of (0, 27):

x| =01 0 |0l

d
Y o008 o |-0.008
dx

| —] T

There is a maximum turning point at (0, 27).
So the maximum value f ( x) is 27 and range of valuesf (x) < 27.

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Differentiation
Exercise C, Question 1

Question:

A rectangular garden is fenced on three sides, and the house forms the fourth side of the rectangle.

Given that the total length of the fence is 80 m show that the Are&the garden is given by the formlas y

(80 - 2) , wherey is the distance from the house to the end of the garden.

Given that the area is a maximum for this length of fence, find the dimensions of the enclosed garden, and the
is enclose

Solution:

house

y garden Y

Y

< X

Let the width of the garden Bem.
Thenx + 2y = 80
Sox=80-*

AreaA = xy

SoA=y(80-2%)

A =80y - 2
dA
o =80-4

dA
Putg = 0 for maximum area

Then80-4=0

Soy =20

Substitute in * to givex = 40.

So aree =40 m x 2C m = 80C m?

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Differentiation
Exercise C, Question 2

Question:

A closed cylinder has total surface area equal ta.688ow that the volumé&/ cm?, of this cylinder is given by the
formulaV = 300z — zr3, wherer cm is the radius of the cylinder.
Find the maximum volume of such a cylin

Solution:

Total surface area =th + 2712

So 2zrh + 2212 = 600r

rh = 300 -r?

Volume =ar’h=zar (rh) =ar (300 -r?)
SoV = 300 - ard

dv
For maximum volume—dr =0

dv
o = 300¢ - 3ar2

dv
Put = =0
Then 30& — 3zr2=0
SorZ =100
r=10
Substituter = 10 intoV to give
V = 3007 x 10 —7 x 10° = 2000¢
Maximum volume = 200(x cm?

© Pearson Education Ltd 2C
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Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

Differentiation
Exercise C, Question 3

Question:

200
A sector of a circle has area 100%i8how that the perimeter of this sector is given by the forPel&r + T or> \

100
—.

Find the minimum value for the perimeter of such a sector.

l’lf.f I‘1r

Fem

Solution:

M N

0

Let angle MON =9 radians.
Then perimeteP = 2r +ré @

1
and aread = 1%

But area is 100 cfs0
1

— 2 —-

or 6 =100

200
r

rg =

Substitute intdD to give
200
P=2r+ o @)
Since area of circle > area of sector

7r2 > 100

100
Sor>\ —
T
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For the minimum perimetef~

P o, 20
dr - I‘Z
a
Putdr =0
Thenz—ﬁj =0
r2
Sor =10

www.biochemtuition.com

Substitute intd® to giveP = 20 + 20 = 40

Minimum perimetel = 40 cm

© Pearson Education Ltd 2C
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Differentiation
Exercise C, Question 4

Question:

A shape consists of a rectangular base with a semicircular top, as shown. Given that the perimeter of the shape is 40 cm,
show that its area cn?, is given by the formula

ar?

A=40r - 2r2-

wherer cm is the radius of the semicircle. Find the maximum value for this area.

& Cm

.

Solution:

-« X —
A A

r
2r 1

¥

Y ¥
“«— X —

Let the rectangle have dimensiomd# x cm.
Then perimeter of figure is
(2r+2x+ar) cm
But perimeter is 40 cm so
2r + 2X+ar =40
40 —zr — 2r
X= " 5

1
Area = 2rx + S ar? (rectangle + semicircle)

(

1
SoA=r L 40 —ar — 2 ) + - ar? (substituting from *)

1
> A=40r-2r2- Enrz

dA
To find maximum value, pug. =0
40-4&-ar=0
40
r= 4+

Substitute into expression fA:
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P (i\z_l (40 \2
A=40x 7 2 K 4+1 } 2 K 4+7 )
100 N \2

4+n k2+5”/ L& )

_ 1600  4+z 1600
A= 4r — T2 X—/——
(4+7) 2
1600 800
A= 4+x  d+x
800
A= ;. cn?

© Pearson Education Ltd 2C
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Edexcel Modular Mathematics for AS and A-Level

Differentiation
Exercise C, Question 5

Question:

The shape shown is a wire frame in the form of a large rectangle split by parallel lengths of wire into 12 smaller equal-sized
rectangles.

¥y mm

- X IMmn »

Given that the total length of wire used to complete the whole frame is 1512 mm, show that the area of the wholersin@pe is A

108
where A= 129& - —,, where »nm is the width of one of the smaller rectangles.

Find the maximum area which can be enclosed in this

Solution:

Total length of wire is ( 28+ 14y) mm
But length = 1512 mm so
18x + 14y= 1512

1512 - 1&

y="15 @

14
Total area Ann? is given by
A=2yx6x @
Substitute® into @ to give

A= 12x ( 15121; 1& )

108

A=1296x- X2 *

] dA
For maximum area, puf~ = 0:

@ 216
o = 1296 - x

dA 7 x 1296

Wheng =0, x= 16 =42

Substitute x= 42 into * to give A= 27216
Maximum area = 27216 nmin
&A 216

(Check:? = -7 <0 .maximum)

© Pearson Education Ltd 2C
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Edexcel Modular Mathematics for AS and A-Level

Differentiation
Exercise D, Question 1

Question:

) 3 48
Giventhaty=x2 + — x>0

VR
N—

: & _
(a) Find the value of and the value of when =~ = 0.

(b) Show that the value iy which you found in (a) is a minimurlE]

Solution:
_ T A
Giventhaty =x 2 + =~ \X>0)
d 3 = 48
(a)dx_zxz__z
X

dy

PLtdX 0

3 1 4

2X2‘;

1
x22 =32
X=4

3 48
Substitutex = 4 intoy =x 2 + ~"to give

y=8+12=20
d
Sox =4 andy = 20 Whenﬁ =0

dzy 1
ay _ = 96
= = + —
) g =24 3
& 3 % 15
Whenx = 4, o2~ 8 + %1 = 8 > 0.. minimum

© Pearson Education Ltd 2C
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Edexcel Modular Mathematics for AS and A-Level

Differentiation
Exercise D, Question 2

Question:

A curve has equation= x3 - 5x% + 7x — 14. Determine, by calculation, the coordinates of the stationary points of the
curveC.

[El
Solution:

y=x3-5¢+7x- 14

d
L3210+ 7

dx:
dy
Whend—X =0
32 -10x+7=0
(3-7) (x-1) =0

I
X = 3orx-l

7
Whenx= 3,y= -125;
Whenx=1,y= - 11

(2,5

© Pearson Education Ltd 2C
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Differentiation
Exercise D, Question 3

Question:

The function f, defined for & R, x> 0, is such that:

,( \_2_+i
\x)—x 2 2

(a) Find the value of f (x) atx=4.

f

(b) Giventhatf(3) =0, findfk) .

(c) Prove that f is an increasing function.

[E]

Solution:

Y s ()

f \X)_X 2 2 K O)
A R

(a)f Kxj —2x—;

Atx=4,f" (x) :7%

(b) f (x) :_3—2x— +cC

f(B) =0 = ?3—2><3—§+c:0

Sof(x)zé—Zx—%—Z%

(c) For an increasing function; f(x) >0

> x2-2+ 150

This is true for all xexcept x= 1 [wheref (1) =0].
So the function is an increasing funct
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Edexcel Modular Mathematics for AS and A-Level

Differentiation
Exercise D, Question 4

Question:

A curve has equation= x3 - 6x2 + 9x.
Find the coordinates of its maximum turning point.

[El
Solution:

y =x3 - 6x% + 9x
d
L 32— 1x+9

dx:
dy
PutdX =0

Then 32 - 1% +9=0
3(x2-4x+3) =0
3(x-1) (x-3) =0
x=1lorx=3

(5

g2 = ox—12

&y

Whenx =1, E = -6 <0.. maximum point

dy
Whenx = 3, @ = +6>0.. minimum point

So the maximum point is whexre= 1.
Substitutex = 1 intoy = x3 - 6x% + 9x
Theny=1-6+9=4

So (1, 4) is the maximum turning po

© Pearson Education Ltd 2C
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Differentiation
Exercise D, Question 5

Question:

A wire is bent into the plane shapBCDEA as shown. Shap&BDE is a rectangle anBCD is a semicircle with
diameterBD. The area of the region enclosed by the wiRR g%, AE = x metresAB = ED =y metres. The total length
of the wire is 2 m.

(a) Find an expression fgrin terms ofx.

x )

(b) Prove thaR= 7 k 8 — & — 7x )
Given thatx can vary, using calculus and showing your working,

(c) find the maximum value &. (You do not have to prove that the value you obtain is a maximum.)

B
A ——-..ﬂ__\
II'I
| C
|
P -
D
[E]
Solution:

X

(a) The total length of wire i{ y2tx+ 7 ) m

As total length is 2 m so

(.= )

2y+xk1+2j =2

y:1—§x(1+%) ®

1 X
(b) AreaR=xy + S« K Py

1,

Substitute from® to give

R:x(l—% %xz

e )
)



Heinemann Solutionbank: Core Maths 2

Dr. Faisal Rana www.biochemtuition.com

R:Xg(8—4x—27rx+7rx)
« \
R= 3 | 8-4&-nx @
N )

(c) For maximunR, Z_j =0
R=x- 5x2- %xz
drR z
S0 =1l-x- 7,x

4
4+7

Sox =

Substitute intd® to give

(a8 )

R= 54+ k8_ d+x ~ A+z j
1 32+ 87— 16 - 4t
R= 2(a+m X 4+
1 16 + 47
R= S2(a+m) X a+x
R = 4(4+rx)
2(4+m) 2
2
R= 4+7
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Differentiation
Exercise D, Question 6

Question:

The fixed pointA has coordinates (8, — 6, 5) and the variable @@inas coordinates, t, 2t).
(a) Show that\P? = 6t% — 24t + 125.

(b) Hence find the value offor which the distancAP is least.

(c) Determine this least distance.

[El
Solution:

(a) From Pythagoras

AP2= (8-t) 2+ (-6-t) 2+ (5-2) 2
AP2=64 -1 +t2+ 36 + 12 + t2 + 25 - 2@ + 4t?
AP2=6t2 - 24t + 125 *

(b) AP is least whe\P? is least.

d (AP?)
d (AP?)
Put™ =0, then=2

(c) Substitutd = 2 into * to obtain
AP2 =24 - 48 + 125 = 101
SoAP = \|10]

© Pearson Education Ltd 2C
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Differentiation
Exercise D, Question 7

Question:

‘ 'ilcm
X cim

e —

Tin

-

A cylindrical biscuit tin has a close-fitting lid which overlaps the tin by 1 cm, as shown. The radii of the tin and the lid
are bothx cm. The tin and the lid are made from a thin sheet of metal of areaand there is no wastage. The
volume of the tin i8/ cn?.

(a) Show thaV = 7 (40x — x2 - x3) .
Given thatx can vary:

(b) Use differentiation to find the positive valuexdbr whichV is stationary.

(c) Prove that this value afgives a maximum value &f

(d) Find this maximum value &f.

(e) Determine the percentage of the sheet metal used in the lidMat@ammaximum.

[El
Solution:

(a) Let the height of the tin Becm.
The area of the curved surface of the tin zxt2cn?
The area of the base of the tinzx? cn?
The area of the curved surface of the lid zx n?
The area of the top of the lid 72 cn?
Total area of sheet metal is/86m?
S0 2vx2 + 22X + 27xh = 80
Rearrange to give
40 —-x - X2

h= ”

The volume)V, of the tin is given by
V = 2x%h
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)

X2 (40 =X - x2) (

SoV = M =r

40 - X% = X3

(

dv
(b) 5 =7 \40_2(_3)(2

)

dav
WhenV is stationarydj =0

S040-X-32=0
> (10-%) (4+x) =0

10
=> Xx= or -4

10
Butxis positive sx = 7" is the required value.

d?v ( \

(C)? =x k —2—6()

& )

Whenx = 3 g2 °F \ —2—20) <0

SoV has a maximum value.

10
(d) Substitutex = 7" into the expression given in part (a):

23007
27

(e) The metal used in the lid 72+ 2x? withx =

. 1607
e Ay = T

Total area = 80

( 1607

So percentage used in the lid i 9

© Pearson Education Ltd 2C
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Differentiation
Exercise D, Question 8

Question:

E

The diagram shows an open tank for storing waB€DEF. The sidefABFE andCDEF are rectangles. The triangular
endsADE andBCF are isosceles, and AED = ~« BFC =90 ° . The endADE andBCF are vertical an&F is
horizontal.

Given that AD =x metres:

1
i s =y2 m2
(a) show that the area of triangd®E is 7 x* m*.

Given also that the capacity of the container is 408@umdl that the total area of the two triangular and two rectangular
sides of the container 8Bm

X2

16000V 2
(b) Show thab= 7 + —

X

Given thatx can vary:
(c) Use calculus to find the minimum valueSf

(d) Justify that the value &you have found is a minimum.

[E]
Solution:

(a) Let the equal sides df ADE bea metres.

A
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Thena? + a2 = x? (Pythagoras' Theorem)
So 28?2 = x2

X2

1 _ 1
Area of AADE = 7 base x height Jaxa= 7

XZ
(b) Area of two triangular sides is 2 %

NI

Let the length AB = CD =y metres

XZ
Area of two rectangular sides is 2 x ay = 2ay ’;\y

X2 X2
ThenS= 7 +2Y Sy *

1
But capacity of storage tank 1;9@ Xy SO
e
2 Xy = 4000

_ 16000
X2
Substitute this into equation * to give

X2 16000V 2

S= 5 + N
as 16000V 2
(© & =X= ——
X
ds
Putd_X =0
Thenx - 16000V 2 _ 0
X
_ 16000V 2
= >
x3 = 16000V 2

x =20+ 2 or 28.28
Substitute into expression f8ito give
S=400 + 800 = 1200

d?s
a> 32000V 2
(d) g =1+ ——

d%s
Whenx = 20 2, G2 =3>0.. minimum value

© Pearson Education Ltd 2C
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Differentiation
Exercise D, Question 9

Question:
Vi
B
;"(
n'lll.
/
/
I.'
I.'
|IIIII \
0 f y [.1\__ ;‘

The diagram shows part of the curve with equatierfy x) , where:
()

KX) 2200—% -x2, x>0

The curve cuts the-axis at the points and C
The point Bis the maximum point of the curve.

(a) Find f" (x) .
(b) Use your answer to part (a) to calculate the coordinates of B

[El
Solution:

() 250

(a)f KX) =200 - 7~ -Xx

( \_250

— - 2X

)T e

(b) At the maximum point, B’ (x) =0. So

f ’

20 _2x=0

250 = 2%

x3 =125

x =5 at point B

Asy=f(x) ,y=f(5) atpoint BSo y= 125.
The coordinates (B are (5, 12%) .

© Pearson Education Ltd 2C
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Differentiation
Exercise D, Question 10

Question:
Vi

=Y

O

1
The diagram shows the part of the curve with equatiorb — Exz for whichy > 0.

The pointP(x, y) lies on the curve an@ is the origin.

1
(a) Show thaOP? = 7 x* - 4x? + 25.

)

Taking f \X ] = %x4—4x2+25:

(b) Find the values of for which f’ (x) =0.
(c) Hence, or otherwise, find the minimum distance fato the curve, showing that your answer is a minimum.

[El
Solution:

(a)P has coordinatesk X,5- %xz ) . So

( )

1 1 1
OP2= (x-0) 2+ \5— >x2-0 ) 2232+ 25 -52+ x4= Tx4- 42+ 25

)

( 1
(b)Givenf\x) = x4 -4+ 25

fr(x) =x3- 8«
When ' (x) =0,
x3-8x=0
x(x*-8) =0

x=0o0rx?=8
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x=0o0rx= +2+2

(c) Substitute = 8 into f (x) :
1
OP?= 7 x&-4x8+25=9

SoOP = 3 whenx= +2+2
f" (x) =3%?-8=16>0when¢=8 = minimum value folOP2 and henc©P.

So minimum distance frolO to the curve is .

© Pearson Education Ltd 2C
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Differentiation
Exercise D, Question 11

Question:

=Y

The diagram shows part of the curve with equajien3 + 5« + x2 — x3. The curve touches theaxis atA and crosses
thex-axis atC. The pointsA andB are stationary points on the curve.

(a) Show tha€ has coordinates (3, 0).

(b) Using calculus and showing all your working, find the coordinatA andB.

Solution:

(@Qy=3+5x+x2-x3
Lety =0, then
3+x+x2-x3=0
(3-x) (1+2%+x2) =0
(3-x) (1+x) 2=0
x=3orx= —1wheny=0

The curve touches theaxis atx= —=1 (A) and cuts the axis at= 3

C has coordinates (3,0)

d
(b) o =5+ X3¢

dy
Put 5 =0, then

5+X%-3x¢=0

(5-3x) (1+x) =0
5

X= F0rx= -1

(s,
\2)

is the poinB.

5
Whenx= 3,y=3+5

(s

< K?”gg\

27]

Whenx= -1,y=0

(c) .
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So ( —-1,0) isthe poiniA.
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