Heinemann Solutionbank: Core Maths 4 Pagel of 1

Dr.Faisal Rana www.biochemtuition.com faisal.rana@biochemtuition.com

Solutionbank
Edexcel AS and A Level Modular Mathematics

Partial fractions
Exercise A, Question 1

Question:

Express the following as a single fraction:

1.1
3 4
Solution:
i1 4 3 7
3t 2T 2t 2T »
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Partial fractions
Exercise A, Question 2

Question:

Express the following as a single fraction:

3 2

4 5

Solution:

3 2 _ 1 8 7
4~ 57 20 20" 20
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Partial fractions
Exercise A, Question 3

Question:

Express the following as a single fraction:

3 2
X Xx+1

Solution:

3 2
X  x+1
3(x+1) 2X
X(x+1)  x(x+1)
3(x+1) —2x
X(x+1)
3x+ 3 - 2X
X(x+1)
X+ 3
X(x+1)
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Partial fractions
Exercise A, Question 4

Question:
Express the following as a single fraction:

2 3
(x-1) (x+2)

Solution:

2 3
(x-1) T (x+2)

2(x+2) 3(x-1)
(x-1) (x+2) T (x-1) (x+2)
2(x+2) +3(x-1)

(x-1) (x+2)

2X+ 4+ X -3
(x-1) (x+2)

ox+ 1

(x=1) (x+2)

© Pearson Education Ltd 20


www.biochemtuition.com

Heinemann Solutionbank: Core Maths 4 Pagel of 1

Dr.Faisal Rana www.biochemtuition.com faisal.rana@biochemtuition.com

Solutionbank
Edexcel AS and A Level Modular Mathematics

Partial fractions
Exercise A, Question 5

Question:
Express the following as a single fraction:

4 + 2
(2x+1) (x-1)

Solution:

4 2
(x+1) T (x-1)

4(x-1) 2(2x+1)
(2x+1) (x-1) T (2x+1) (x-1)
4(x-1) +2(2x+1)

(2x+1) (x-1)
4X - 4 + 4x+ 2
(2x+1) (x-1)

8x -2
(2x+1) (x-1)
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Partial fractions
Exercise A, Question 6

Question:

Express the following as a single fraction:

7 _ 2
(x=-3) (x+4)
Solution:
7 2
(x=3)  (x+4)
7(x+4) 2(x-3)

(x-3) (x+4) =~ (x-3) (x+4)
7(x+4) -2(x-3)
(x=3) (x+4)
X+ 28 — 2x+ 6
(x=3) (x+4)
5x+ 34
(x=3) (x+4)
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Partial fractions
Exercise A, Question 7

Question:
Express the following as a single fraction:

3 6
2X (x-1)

Solution:

3 _ 6
2x (x=-1)

3(x-1) 6 x X
2x(x-1) = 2x(x-1)
3(x-1) —12x
2x(x-1)
3x—3 - 12X
2x(x-1)

-9x-3
2x(x-1)

9x+ 3

or - 2x(x-1)
3(3x+1)
2x(x-1)

or —
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Partial fractions
Exercise A, Question 8

Question:
Express the following as a single fraction:

3 2 1

X + (x+1) + (x+2)

Solution:
3 2 1
x T (x+1) T (x+2)
3(x+1) (x+2) 2X(x+2) Ix(x+1)

x(x+1) (x+2) T Xx(x+1) (x+2) T X(x+1) (x+2)

3(x+1) (x+2) +X(x+2) +1x(x+1)

= X(x+1) (x+2) Add numerators

3 (X2 +3x+2) + 28+ 4+ X2 + X

= X(x+1) (x+2) Expand brackets
32 + X+ 6 + 2% + 4X+ X2 + X , ,
= (x+1) (x+2) Simplify terms
6xC + 14X + 6

= X(x+1) (x+2) Addlike terms
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Partial fractions
Exercise A, Question 9

Question:
Express the following as a single fraction:

4 2 + 1
3X (x=2) (2x+1)

Solution:

4 7 1
X~ (x-2) T (2x+1)

4(x—-2) (2x+1) 2x3x(2x+1) X (x—2)
3X(X-2) (2x+1) — 3x(x-2) (2x+1) T 3x(x-2) (2x+1)

4(x=2) (2x+1) —=2x3x(2x+1) +X(x-2)

= I (x-2) (2x+1) Add numerators

4(28-3x—-2) —6x(2x+1) + 3% - 6x

= I (x-2) (2x+1) Expand brackets

8x2 — 12x— 8 — 12¥¢ - 6x + 32 — 6X

= X (x=2) (2x+ 1) Simplify terms

- 1X@ - 24x- 8

= 3x(x-2) (m+1) Addlike terms

X2 + 24x+ 8
OF = 3x(x-2) (2x+1)
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Partial fractions
Exercise A, Question 10

Question:
Express the following as a single fraction:

3 2, 4
(x-1) (x+1) (x=3)

Solution:

3 2 4
(x-1) T (x+1) T (x-3)
_ 3(x+1) (x—-3) 2(x-1) (x—-3) 4(x-1) (x+1)
= (x-1) (x+1) (x-3) T (x-1) (x+1) (x-3) T (x-1) (x+1) (x-3)
0 3(x+1) (x=3) +2(x-1) (x=-3) +4(x-1) (x+1)
- (x=-1) (x+1) (x-3)

Add numerators

3(x2-2x-3) +2(x2-4x+3) +4(x%2-1)

= (x-1) (x+1) (x-3) Expand brackets

3 -6Xx-9+28-8x+6+4X -4

= (x-1) (x+1) (x=3) Simplify terms

9% — 14x- 7

= (x-1) (x+1) (x—-3) Add like terms
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Partial fractions
Exercise B, Question 1

Question:
Express the following as partial fractions:

6Xx— 2
@) %2) (x+3)

2x+ 11
(b) (x+1) (x+4)

- 7x—12
(©) 2x(x-4)

2x- 13
(d) (2x+1) (x-3)

66X+ 6
e
(e) 2 4

7 - 3x
f -
U X2 - 3x-4

8 —-Xx
(9) N

2x - 14
h —_—
(h) X2 + 2x - 15
Solution:

6X — 2 B A B _
(@) Let =2 (x+3) = (x-2) © (x+3) Addthe fractions
6X— 2  A(x+3) +B(x=2)
T (x-2) (x+3) = (x-2) (x+3)

So&k-2=A(x+3) +B(x—-2) Set numerators equal
Substitutex =2 = 6x2-2=A(2+3) +B(2-2)
= 10=HA
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> A=2
Substitutx.= -3 = 6x (-3) -2=A(-3+3) +B
(-3-2)
= —-20=Bx -5
= B=4
6x — 2 B 2 4
Hence %) (x+3) = (x-2) T (x+3)
2x + 11 B A B _
(b) Let 1y (x+4) = (x+1) T (x+4) Addthe fractions
2x+ 11 _ A(x+4) +B(x+1)
T (x+1) (x+4) = (x+1) (x+4)

Sox+11=A(x+4) +B(x+1) Set numerators equal
Substitutx= -4 = 2x (-4) +11=A( -4+4) +B

(-4+1)
= 3=-3B
= B= -1

Substitutex= -1 = 2x -1+11=A( -1+4) +B( -1+1)
= 9=3A
= A=3

2%+ 11 3 (-1) 3 1
x+1) (x+4) = (x+1) T (x+4) = (x+1) ~ (x+4)

Hence (

-7x-12 A B _
(©) Let—ZX(X_4) =%t (x-2) Add the fractions

- 7x=-12  A(x-4) +Bx2x
2x(x-4) ~ 2x(x—4)

So - k-12=A(x—-4) + 2Bx  Set numerators equal
Substitutex=4 = -7x4-12=A(4-4) +Bx4
= —-40=8

= B= -5

Substitutex=0 = -7x0-12=A(0-4) +2Bx0
> =-12= -4A

= A=3

-7x-12 5

3 3
Henceo i —a)y = x * (x=4) = 2x ~ (x-4)

=
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2x- 13 B A B _
2x - 13 _ A(Xx-3) +B(2x+1)
= (2x+1) (x-3) = (2x+1) (x-3)

SoXx-13=A(x-3) +B(2x+1) Set numerators equal
Substitutex=3 = 2x3-13=A(3-3) +B(2x3+1)
= —-7=Bx7

= B= -1
. () ()
Substitutex= - 5 = 2x | -3 | -13=A| - 5-3 | +B
\ ) \ J
(0 Y
[ 2x | =3 | +1 |
\ \ J )
1
= —14=A><—3§
= A=4
2x- 13 B 4 -1 4 1
Hence™ 5,1y (x—3) = (2x+1) T (x-3) = (2x+1) ~ (x-3)
6x+6 6x+ 6 . .
(e)m= (x+3) (x-3) ractorise denominator
6X+ 6 _ A .
Let 5 73) (x-3) = (x+3) T (x-3) Addfractions
6X + 6 _ A(x-3) +B(x+3)
= (x+3) (x-3) = (x+3) (x-3)

So&k+6=A(x-3) +B(x+3) Set numerators equal
Substitutex=3 = 6x3+6=A(3-3) +B(3+3)

= 24=Bx6

= B=4

Substitutx.= -3 = 6x (-3) +6=A(-3-3) +B
(-3+3)

= =—-12=Ax%x -6

> A=2

6Xx+6 2 + 4
2-g  (x+3) (x=3)

Hence
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7-3x  _ - X
x2-3x-4  (x=4) (x+1)
7 - X B A
Let" 5"y (x+1) = (x-4) T (x+1)

7 - 3x _ A(x+1) +B(x-4)
= (x-4) (x+1) = (x-4) (x+1)
So7-%X=A(x+1) +B(x-4) Set numerators equal
Substitutx= -1 = 7-3x (-1)=A(-1+1) +B

Factorise denominator

(f)

Add fractions

(-1-4)
= 10=Bx -5
= B=-2

Substitutex=4 = 7-3x4=A(4+1) +B(4-4)
= -—-5=Ax5

= A= -1
7-3x _ _ -1 -2 1 2
Hencexz_sx_4= (x-4) T (x+1) = (x=4) (x+1)
8-x 8 — X = ise d )
@ 2= X(x+4) actorise denominator
8-x A B _
Letxv4) = X ¥ (x+4) Addfractions
8-x  A(x+4) +Bx
= x(x+4) © x(x+4)

So8x=A(x+4) +Bx Setnumerators equal
Substitutex=0 = 8-0=A(0+4) +Bx0

= 8=4A

= A=2 Substitutee= -4 = 8- ( ‘4) :A(_4+4)
o (o

= 12= -8B

= B= -3

Hencexg::xE X£+ (X_Jr?;) = Xg_ (xf4)

ox-14 2x— 14

(h) 15 (x+5) (x-3) Factorise denominator
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2x - 14 A B :
Let 3 5) x-3) = (x+5) 7 (x-3) Addfractions
2x- 14 _ A(x-=3) +B(x+5)
= (x+5) (x-3) = (x+5) (x-3)

SoXx-14=A(x-3) +B(x+5) Set numerators equal
Substitutex=3 = 2x3-14=A(3-3) +B(3+5)
= -8=Bx38

= B= -1

Substitutx.= -5 = 2x (-5) -14=A( -5-3) +B
(-5+5)

= =—-24=Ax ( —-8)

= A=3

Hence—2—% - —2—, —1__ 2 -

W21 ox—15  (x+5) (x-3) (x+5)  (x-3)
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Partial fractions
Exercise B, Question 2

Question:
- 2x— . .
Showthat(4+x)x(25_x) can be written in the fornuﬁx) +(2Eix) whefe
and B are constants to be fou
Solution:
-2x-5 B A B _ A(2-Xx) +B(4+x)
Let" ) (2-x) = (4+x) T (2-%x) = (4+x) (2-x)

So —X-5=A(2-x) +B(4+x)
Substitutex=2 = -2x2-5=A(2-2) +B(4+2)
= -9=Bx6

-3
= B= 7~

: _ _ (Y e_al o [ _ )
Substitutex= -4 = 2 % L 4) S_AKZ L 4} +B
( (o))
AT U4
= 3=AX6

1
= S =A

- 2x-5 B A B 1 _ -3

Hence 757" 2-x) = (a+x) + (2-x) When A= jandB= .

-2x-5 1 3

OF "44x) (2-x) = 2(4+x) — 2(2-x)
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Partial fractions
Exercise C, Question 1

Question:
Express the following as partial fractions:

2% — 12x— 26
(@) "X+ 1) (x-2) (x+5)

— 10k - 8x+ 2
(b) X(2x+1) (X-2)

— 5% - 1% - 32
(©) x+1) (x+2) (x-5)

Solution:

252 — 12 - 26 A B C
(a)Let(X+l) (X_2) (X+5) = (X+1) + (X—2) + (X+5) Add
fractions

252 — 12x—- 26
=

(x+1) (x=2) (x+5) —

A(x-2) (x+5) +B(x+1) (x+5) +C(x+1) (x-2)
(x+1) (x=-2) (x+5)

Sox% -1 -26=A(x-2) (x+5) +B(x+1) (x+5) +C
(x+1) (x—-2)

Substitutex=2 = 8-24-26=Ax0+Bx3x7+Cx0

= —-42=2B

= B= -2

Substitutex= -1 = 2+12-26=Ax ( -3) x4+Bx0+Cx0
> -12= -12A

> A=1
Substitutex= -5 = 50+60-26=Ax0+Bx0+Cx28
=> 84 =28

> C=3
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2 - 12x - 26 B 1 2 3
Hence(x+1)(x—2)(x+5) — (x+1)  (x-2) + (x+5)

-10%-8x+2 A B C _
(b) Lety x+1) (ax-2) = x t (2x+1) t (x-2) Addfractions
-10¥-8+2  A(2x+1) (3x—2) +Bx(3x-2) +Cx(2x+1)
= x(2x+1) (3x-2) x(2x+1) (3x-2)

So —18°-8x+2=A(2x+1) (X-2) +Bx(3x-2) +Cx
(2x+1)
Substitutex=0 = -0-0+2=Ax1x (-2) +Bx0+Cx0

> 2= -2A

= A= -1
_ 1 - 10 -1
Substitutx = - 7 = T, +4+2=Ax0+Bx 5 X
7
> +Cx0
7 7
= 2=Bx}
= B=2
Equate coefficients ir%. - 10 = 6A + 3B + 2C
= -10=-6+6+Z
= -10=2C
= —-5=C
-10@-8x+2 -1 2 5
Hencel 5.1y (ax-2) = x T (2x+1) ~ (3x-2)
- 5x° — 19x- 32 A B C

(c) Let (x+1) (x+2) (x-5) = (x+1) T (x+2) ¥ (x-5)

- 5% - 19x— 32 B
(x+1) (x+2) (x-5) —

=

A(x+2) (x=-5) +B(x+1) (x=-5) +C(x+1) (x+2)
(x+1) (x+2) (x=-5)
So —-&2 -1 -32=A(x+2) (x-5) +B(x+1) (x-5) +C
(x+1) (x+2)
Substitutx.= -1 = -5+19-32=Ax1x ( —-6)
+Bx0+Cx0
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= -18= - A
= A=3

Substitutex=5 = -125-95-32=-Ax0+Bx0+Cx6x7
= —252=4Z%C

= C=-6
Substitutex= -2 => -20+38-32=Ax0+Bx (—1) X (
—7\ +Cx0
)
= -14=B
= B= -2
- 5 — 19x- 32 B 3 2 6

Hence 1y (x+2) (x=-5) = (x+1) ~ (x+2) ~ (x-5)
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Partial fractions
Exercise C, Question 2

Question:
By firstly factorising the denominator, express the following as partial fractions:

6x2+ 7x— 3
@ —=_,
b 5x2 + 15K + 8
(0) xS + 3% + 2x

5x2 - 15« - 8
XC-a%+x+6

(c)
Solution:

@x3-x=x(x2-1)=x(x+1) (x-1)
6x°+7x-3 6 +7x-3 A B C

07 8w = x(x+1) (x-1) — x T (x+1) ¥ (x-1)

A(x+1) (x=1) +Bx(x—-1) +Cx(x+1)
x(x+1) (x-1)

Setting numerators equal give@& x-3=A (x+1 ) (x—l ) + Bx (x—l
) + CX (x+1 )

Substitutex=0 = 0+0-3=Ax1x ( -1) +Bx0+Cx0
= =-3=-1A

= A=3

Substitutex=1 = 6+7-3=Ax0+Bx0+Cx1x2
= 10=2C

= C=5

Substitutex= -1 = 6-7-3=Ax0+Bx (-1) x ( -2) +Cx0
= —-4=2B
= B=-2

6x2+7x-3 3 2 5
Hence WB-x  x  (x+1) + (x-1)

(b) X3+ 32+ 2X=X (X2 +3x+2) =x(x+1) (x+2)
5x2+15x+8  5x%+15+8 A B C

Oradex — x(x+1) (x+2) = x T (x+1) T (x+2)
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O A(x+1) (x+2) +Bx(x+2) +Cx(x+1)
- X(x+1) (x+2)

Setting numerators equal give@& 15x+ 8=A

) + Cx (x+1)

(x+1) (x+2) +Bx | X+ 2

7/ TN

Substitutex=0 = 0+0+8=Ax1x2+Bx0+Cx0

= 8=2A

= A=4

Substitutex= -1 = 5-15+8=A%x0+Bx ( -1) x1+Cx0
= -2=-1B

> B=2

Substitutex= =2 = 20-30+8=Ax0+Bx0+Cx (_2) % ( _1)

> -2=2X

= C=-1

H 52+ 15x+8 4, 2 1
BN o ~ x T (x+1) T (x+2)

(c) Consider f (x) =x3-4x2+x+ 6

f(-1) =-1-4-1+6=0

Hence (x+ 1) is a factor

By inspection

f(x) =x3-4C+x+6= (x+1) (x2—5x+6) = (x+1) (x—Z)
(x=3 )

Note. This last part could have been found by division.

X' —5x+6
X+ —4x' +x+6

Y 3, _‘.2

—5Sxi4x

—5x* —5x

Bx+6
bx+6
0
H 5x2 — 15¢ — 8 5x2 - 15x — 8 A B C
= = + +
ONCE s 42ax+6  (x+1) (x-2) (x=8) — (x+1) T (x-2) T (x-3)

A(x-2) (x-3) +B(x+1) (x=-3) +C(x+1) (x—-2)
- (x+1) (x-2) (x=3)

Setting numerators equal gi
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2 drw an v oV (o o) ( Y, 4 ( 3
5x¢ = 15x 8—Akx 2)\x 3)+ka+1)\x 3)+C\X+l)
)
L x 2)

Substitutex=2 = 20-30-8=Ax0+Bx3x ( -1) +Cx0

= -18=-3

= B=6

Substitutex= -1 = 5+15-8=A%x ( -3) x ( -4) +Bx0+Cx0
= 12=12A

> A=1

Substitutex=3 = 45-45-8=Ax0+Bx0+Cx4x1
= -—-8=4C

= C=-2

Hence 5x2 — 15 — 8 1 6 2

Boal+x+6  (x+1) T (x-2) ~ (x-3)
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Partial fractions
Exercise D, Question 1

Question:

Put the following into partial fraction form:

3+ X+2
X2 (x+1)
Solution:
¥+x+2 A B C
Let 2 l) =<t 2 + 1)

_ OAX(x+1) +B(x+1) +Cx?

B ¥ (x+1)
Set the numerators equal:
A +X+2=Ax(Xx+1) +B(x+1) +Cx2
Substitutex=0 = 0+0+2=Ax0+Bx1+Cx0
= 2=1B
= B=2
Substitutex= -1 = 3-1+2=Ax0+Bx0+Cx1
= 4=1C

= C=4
Equate coefficients iR 3=A+C  SubstituteC =4
= 3=A+4
= A= -1
3+ x+ 2 -1 2 4
Hencexz(x+1) = > * ;+ X+ 1)

© Pearson Education Ltd 20
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Partial fractions
Exercise D, Question 2

Question:
Put the following into partial fraction form:

-x2-10x-5
(x+1)2(x-1)

Solution:
Let -x2-1x-5 _ A N B N C
(x+1)2(x-1)  (x+1) (x+1)2  (x-1)

_ A(x+1) (x-1) +B(x-1) +C(x+1)?2
B (x+1)2(x-1)

Set the numerators equal:
-x2-10k-5=A(x+1) (x-1) +B(x-1) +C(x+1) 2
Substitutex=1 = -1-10-5=Ax0+Bx0+Cx4

= -16=4

= C= -4

Substitutex= -1 = -1+10-5=Ax0+Bx ( -2) +Cx0
> 4=-2B

= B= -2
Equate coefficients iR -1=A+C  SubstituteC= -4
= -1=A-14
= A=3
-x%2-10x-5 3 2 4
Hence

(x+1)2(x-1) _ O*+1) 7 a2 (1)

© Pearson Education Ltd 20
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Partial fractions
Exercise D, Question 3

Question:

Put the following into partial fraction form:

22 + 2x - 18

Xx(x=-3)2

Solution:

Let 2¢+2x-18 _ A _ B c
x(x-3)2 X (x=3) (x-3) 2

_ A(x—3)2+Bx(x—3) + Cx
B X(x-3) 2

Sd the numerators equal:

2%+ 2x-18=A(x-3) 2+Bx(x~-3) +Cx
Substitutex=0 = 0+0-18=Ax9+Bx0+Cx0
= —-18=9A

= A= -2

Substitutex=3 = 18+6-18=Ax0+Bx0+Cx3
= 6=3C

= C=2

Equate coefficients iR 2=A+B  SubstituteA= -2
= 2= -2+B

= B=4
H 22 +2x-18 2 4 2
ence sz = " x T (x-3) 3y
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Partial fractions
Exercise D, Question 4

Question:

Put the following into partial fraction form:

72 — 42X + 64

X(x=-4) 2

Solution:

Let ne-4x+e4 AL _ B c
x(x-4)2 X (x=4) (x-4)2

_ A(x-4) 2+Bx(x—4) + Cx
a x(x-4)7?

Set the numerators equal:

TX2 - A%+ 64=A(Xx-4) 2+Bx(x-4) +Cx
Substitutex=0 = 0-0+64=Ax16+Bx0+Cx0
= 64 =16A

= A=4

Substitutex=4 = 112-168+64=-Ax0+Bx0+Cx4
= 8=4C

= C=2
Equate coefficients iR 7=A+B  SubstituteA = 4
= T7=4+B
= B=3

e - 42x+ 64 4 3 2
Hence— —— , = 7 + +

x(x-4)2  x T (x-4) (x-4) 2

© Pearson Education Ltd 20
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Partial fractions
Exercise D, Question 5

Question:
Put the following into partial fraction form:

5x2 — 2x — 1
XS_XZ

Solution:

x3—x25x2(x—1)

Bx2 - 2x— 1 5x2 - 2x - 1 A B
So = = —+ S+
x3 — x2 X2 (x-1) X X

C
(x-1)

_ AX(x-1) +B(x-1) +Cx
B x2(x—1)

Set the numerators equal:

5x2—2x—1=Ax(x-1) +B(x-1) +Cx?
Substitutex=1 = 5-2-1=Ax0+Bx0+Cx1

= 2=1C

= C=2

Substitutex=0 = 0-0-1=Ax0+Bx (-1) +Cx0
= -1=-1B

= B=1
Equate coefficients iRz 5=A+C  SubstituteC = 2
= b5=A+2
= A=3
5x2-2x-1 3 1 2
Hencev =5t 2 t T (x-1)

© Pearson Education Ltd 2009
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Partial fractions
Exercise D, Question 6

Question:
Put the following into partial fraction form:

2% + 2x - 18
x3 — 62 + 9x

Solution:
x3—6x2+9xzx(x2—6x+9) =X(x-3) 2
2x2 + 2x — 18 2x2+2x—18: A B C

= = =+ +
S0 X3 = 6x2 + 9x Xx(x-3)?2 X (x=3) (x-3)?2

_ A(x-3) 2+Bx(x—3) + CX
B X(x-3) 2

Set the numerators equal:

2%+ 2x-18=A(x-3) 2+Bx(x~-3) +Cx
Substitutex=0 = 0+0-18=Ax9+Bx0+Cx0
= —-18=9A

= A= -2

Substitutex=3 = 18+6-18=Ax0+Bx0+Cx3
= 6=3C

= C=2

Equate coefficients iR 2=A+B  SubstituteA= -2
= 2= -2+B

= B=4
H 2 +2x-18 2, _ 4 2
eNCe s evox X (x=3) (x-3) 2
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Partial fractions
Exercise D, Question 7

Question:

Put the following into partial fraction form:

2X
(x+2) 2
Solution:
2X _ A B _ A(x+2) +B
Let——— = + =
et(x+2)2 (x+2) ~ (x+2)2 (x+2)2

Set the numerators equal: x2A(x+2) +B
Substitutex= -2 = -4=Ax0+B = B= -4
Equate coefficients ir: 2=A

2X 2 4

Hence—(x+2)25 (X+2) ~ (x12)2
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Partial fractions
Exercise D, Question 8

Question:

Put the following into partial fraction form:

X2 + 5+ 7

(x+2)3

Solution:

Let X2+ Bx + 7 _ A N B N C
(x+2)3  (x+2) (x+2)2 (x+2)3

_ A(x+2)2+B(x+2) +C
B (x+2)3

Set the numerators equal:
X2 +5x+7=A(Xx+2)2+B(x+2) +C
Substitutex= -2 = 4-10+7=Ax0+Bx0+C = C=1

Equate coefficients iR 1=A

= A=1
Equate coefficients ir: 5=4A+B  SubstituteA=1
= b5=4+B
= B=1

X2 + 5X+ 7 1 1 1
Hence(x+2)35 (x+2) + (X+2)2+ X223

© Pearson Education Ltd 20
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Partial fractions
Exercise E, Question 1

Question:
Express the following improper fractions as a partial fraction:

X2+ 3x -2
(a) (x+1) (x—-3)

X2 - 10
(b) (x-2) (x+1)

3 2

X°=-xc-x-3

(C) Xx(x-1)

g %2 -1
(d) (x+1)2
Solution:

X2+ 3x— 2 X2+ 3x—2

(@) Gy (x-8) T R-x-3
Divide the numerator by the denominator:
A
x2—2x-3x? +3x-2
g 2
x"—2x-3

_5x+1 « Remainder

X2+ 3x -2 _ 5x+ 1
Therefore 5717 5—3) =1+ %+1) (x-3)

5x+ 1 _ A B .
et x+1) x-3) = (x+1) T (x-3) Addfractions

_ A(x=3) +B(x+1)
- (x+1) (x-3)

Setthe numeratorsequal: x$51=A(x-3) +B(x+1)
Substitutex=3 = 5x3+1=Ax0+Bx14

= 16=48

> B=4

Substitutex= -1 = 5x (-1) +1=Ax ( -4) +Bx0
= —-4=-4A

> A=1

Hence

L



www.biochemtuition.com

Page2 of 3

Heinemann Solutionbank: Core Maths 4

Dr.Faisal Rana www.biochemtuition.com faisal.rana@biochemtuition.com
4

X2 4 3x — 2 B Bx+ 1 B 1
(x+1) (x-3) 1% xv1) (x-3) 1t v 1) T (x-3)

x2 - 10 ¥ -10  x2+0x-10

®) T2y (v 1) T e-x-2-
Divide the numerator by the denominator:

X2 —x—2

l
a Y 2 .
X —x-2)x"+0x-10

X— x— 2
_ X— 8 ¢ Remainder

X2 - 10 B X—-8
Therefore(x_z)(x+1) =1+ (x-2) (x+1)
X—8 . A B .
Let 52y (x+1) = (x-2) (x+1) Add fractions
_ A(x+1) +B(x=2)
T (x=2) (x+1)

Set the numerators equal: x—-8=A(x+1) +B(x-2)
Substitutex=2 = 2-8=Ax3+Bx0

> -6=3A
= A= -2
Substitutex= -1 = -1-8=Ax0+Bx ( -3)
= -9=-3B
= B=3
Hence
x2 - 10 _ x-8 B -2 3
(x-2) (x+1) — 1% (xm2) (x+ 1) — 1T (xm2) T (x+1)
2 3

=1-"02) Y x+1)

Divide the numerator by the denominator:

—3Ix+2
X2 +2x— _'-,: -3¢ +4x" —19x +8
3 —6xt —9x
2x? +10x+8
2x* +4x—6
6x+14  « Remainder

X-x2-x-3 -x-3
Therefore™ )~ =X+ 1 (x-1)
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-x-3 A B ]
Let—x(x_l) =L+ (x-1) Add fractions
_ A(x-1) +Bx
- x(x=-1)

Set the numerators equal: x—3=A(x-1) +Bx
Substitutex=1 = -1-3=Ax0+Bx1

= -4=1B

= B= -4

Substitutex=0 = -3=Ax ( -1) +Bx0

> A=3

X3 -x2-x-3 -x-3 3 4

HenceWEx+ mzx+ X~ (x-1)
« 2% -1 _ 2% -1 _ -1 _ 2%+ 0x— 1

(x+1)?2 (x+1) (x+1) X2+ 2x+ 1 X2+ 2x+ 1

Divide the numerator by the denominator:

3
“

2120 +0x -1

2x? +4x+2

—4x—3 ¢ Remainder

2

2x- -1 — Ax —
Thereforemzz+ (xi;l)?’z
Letﬁ = ﬁ + ﬁ Add fractions
_ A(x+1) +B
 (x+1)2
Set the numerators equal: x43=A(x+1) +B
Substitutex= -1 = -4x (-1) -3=Ax0+B
= 1=B
= B=1
Equate coefficients ir: -4=A
= A= -4
Hence£52+ﬂ52 . 1

(x+1)?2 (x+1) 2 T+ T (x+1) 2
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Partial fractions
Exercise E, Question 2

Question:
By factorising the denominator, express the following as partial fraction:

()4x2+17x—11

Q) —

X2 +3x -4

X = 43+ 9x% — 17x + 12
X3 — 4x2 + 4x

(b)

Solution:

(a) Divide the numerator by the denominator:

. S
X +3x—414x +17x 11
4x* +12x—16
35X+ 5  « Remainder
42+ 17x - 11 5X+ 5 : ,
Therefore=—,— =4+ ———  Factorise denominator
X“+3x -4 X2+ 3x — 4
_ 5x + 5
=4+ TXva) (x-1)
5x+5 _ A .
Let % 4) (x-1) = (x+4) T (x-1) Add fractions

A(x-1) +B(x+4)
(x+4) (x-1)

Set the numerators equal: X b55=A(x—-1) +B(x+4)
Substitutex=1 = 5x1+5=Ax0+Bx5

= 10=5B

> B=2

Substitutex= -4 = 5x (-4) +5=Ax (-5) +Bx0
= -—-15= -HA

= A=3
Hence
4+ 17~ 11 5x +5 3 2

Cim-a 4T (xra) (x-1) T4 vy T T x-1)

(b) Divide the numerator by the denomine
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X
o T - 2
43 +4x40)x* =4 +9xF —17x +12
g
xt—d4x +4x° +0x

Sx —17x+12 ¢ Remainder

X — 43+ 9x% - 17 + 12
X3 — 4x2 + 4x

Therefore

5x2 — 17x + 12

3 o Take out a factor of in the denominator
X7 = 4x° + 4X

=X+

5x2 — 17x + 12

=X+ m Factorise the denominator fully

5x2 — 17x + 12

=X+

X X(x-2) 2

Lt5X2_17X+12 A B C
—_—— = — + + —

€ x(x-2)?2 X (x-2) (x-2) 2

Add fractions

A(x-2)2+Bx(x-2) +Cx
X(x-2) 2

Set the numerators equal: x25- 17x+12=A(x—-2) 2+Bx(x—2) + CXx

Substitutex=0 = 0-0+12=A%x4+Bx0+Cx0

= 12=4A
= A=3
Substitutex=2 = 20-34+12=-Ax0+Bx0+Cx2
> =-2=2
= C=-1
Equate coefficients ik 5=A+B
> 5=3+B
> B=2
Hence
X — a3 + 9 - 17x + 12 5X2 — 17x + 12

X3 — 4x2 + 4x =X x(x—2)2

3 2 1
=X+ T + -

X (X—Z) (X—2)2

© Pearson Education Ltd 20


www.biochemtuition.com

Heinemann Solutionbank: Core Maths 4 Pagel of 2

Dr.Faisal Rana www.biochemtuition.com faisal.rana@biochemtuition.com

Solutionbank
Edexcel AS and A Level Modular Mathematics

Partial fractions
Exercise E, Question 3

Question:

- 33 - 42+ 19x+ 8
X2+ 2x— 3

Show that can be expressed in the form

A+ Bx+ (X(f 0 + (X[j 3) whereA, B, C andD are constants to be found.

Solution:
Divide the numerator by the denominator:

—3x+2
x!+2x-3 ) —3x° —4x? +19x+8

-3x' —6x” +9x
2x* +10x+8
2x' + 4x—6
6x+14  « Remainder

- 33 - 4% + 19x+ 8 6x+ 14 _ _
Therefore > = -3 +2+ ——  Factorise denominator
X“+ 2x -3 X2 +2x-3
_ 6x + 14
= "X+ 2+ 0T (ke 3)
L 6x + 14 e D  C(x+3)+D(x-1)

UG (x+3) = (x-1) T (x+3) = T (x-1) (x+3)
Set the numerators equal: x614=C(x+3) +D(x-1)
Substitutex=1 = 6+14=Cx4+Dx0

=> 20=4C

> 5=C

Substitutex= -3 = 6x ( -3) +14=Cx0+Dx ( —4)
> -4=-4D

= D=1

Hence

-3¢ - 4C + 19x+ 8 6x + 14
Crm-3 - XFT2H LTy (xes)

1
(x-1) T (x+3)

= —-3X+2+
SOA=2,B= -3,C=5andD =1

© Pearson Education Ltd 20


www.biochemtuition.com

Heinemann Solutionbank: Core Maths 4 Page2 of 2

Dr.Faisal Rana www.biochemtuition.com faisal.rana@biochemtuition.com


www.biochemtuition.com

Heinemann Solutionbank: Core Maths 4 Pagel of 3

Dr.Faisal Rana www.biochemtuition.com faisal.rana@biochemtuition.com

Solutionbank
Edexcel AS and A Level Modular Mathematics

Partial fractions
Exercise F, Question 1

Question:
Express the following as a partial fraction:

Xx—-3
(a) Xx(x-1)

X2+ 2x -2
b) o

X2 (x+1)

- 15+ 21
©) -2y (x+1) (x-5)

X2+ 1
(d) X(x-2)
Solution:
Xx—3 A B .
(@) Letx(x_l) =3t x-1) Add the fractions
_ A(x-1) +Bx
- x(x-1)

Set the numerators equal: x—-3=A(x-1) +Bx
Substitutex=1 = 1-3=Ax0+Bx1

= B=-2

Substitutex=0 = 0-3=Ax ( -1) +Bx0
= -3=-1A

= A=3

x(x-1) =

Hence

$+x-2 A B
(b) Let =5+t 3

X (x+1) X X (x+1)

Add the fractions

Ax(x+1) +B(x+1) +Cx2
x2(x+1)

Set the numerators equal:

X2+ 2X-2=Ax(x+1) +B(x+1) +Cx?
Substitutex=0 = 0+0-2=Ax0+Bx1+Cx0
> -2=1B

= B=-2

Substitutex= -1 = 7-2-2=Ax0+Bx0+Cx1
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= 3=1C
= C=3
Equate coefficients ir%: 7=A+C  SubstituteC =3
= T7=A+3
= A=4
X2+ 22X~ 2 4 2 3
Hence 2(x+1) - Ml 2 t x+1)
- 15¢ + 21 A B C _
(c) Let x-2) x+1) (x-5) = (x-2) T x+1) * (x-3) Add the fractions

_ A(Xx+1) (x=5) +B(x=2) (x=5) +C(x=-2) (x+1)
- (x=2) (x+1) (x=-5)

Set the numerators equal:

-15+21=A(x+1) (x-5) +B(x-2) (x=-5) +C(x—-2) (x+1)
Substitutex= -1 = 15+21=Ax0+Bx ( -3) x ( -6) +Cx0

= 36=18

> B=2

Substitutex=5 = -75+21=AxXx0+Bx0+Cx3x6
= -54=1&8

= C=-3

Substitutex=2 = -30+21=Ax3x ( -3) +Bx0+Cx0
= —-9=-9A
= A=1

— 15+ 21 . 2 3
Hence -5 (x+1) (x=5) = (x-2) F (x+1) ~ (x-5)

d X2+ 1 _ X2+ 1 _ X2+ 0x+ 1
@ Xx=2) = 2-x = ¥-x+0

Divide the numerator by the denominator:

1
¥ —2x+0 ) e Ox+1
¥P—2x+0

2x+1 & Remainder

X2+ 1 2x+1
Thereforex(x_z) =1+ G-
x+1 A B _ A(x-2) +Bx
I‘etx(x—Z) =%t (x=-2) = x(x-2)

Set the numerators equal: XxX21=A(x-2) +Bx
Substitutex=0 = 1=Ax ( -2) +Bx0
= 1= -2A
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1
=> A:_E

Substitutex=2 = 2x2+1=Ax0+Bx2

= 5=28
5
= B= >
Hence
_1 5
X2+ 1 2%+ 1 2 2
X(x-2) =1+ X(x-2) =1+ 4 (x-2)
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Partial fractions
Exercise F, Question 2

Question:

Write the following algebraic fractions as a partial fraction:

X+1
X2+ 2x+ 1

(a)

2% +2x -8
(b) X2+ 2x -3

32+ 12X+ 8
(C) (X+2)3

X
(d) -2+ 1

Solution:

€) el oo el Repeated factor in denominator

X2+ 2x+1 (x+1) 2

Xx+1 A B _ A(x+1) +B
Let———— = + =

(x+1)2  (X*1) 7 (x41)2 (x+1) 2
Set the numerators equal: x81=A(x+1) +B

Substitutex= -1 = -3+1=Ax0+B

> B=-2
Equate coefficients of 3=A
= A=3
Hence—>*r1 - &+t _ 3 2
2+ %+ 1 (x+1)?2 (x+1) (x+1)2
22 +2x -8 _ _
( 2+ 3 /S animproper fraction
Dividing gives
x? —2_1'—3m
22 +4x—6

—2x¥—2 ¢ Remainder

22+ 2x - 8 -2X-2 . .
Therefore,—— _ =2+ ———  Factorise the denominator
X+ 2x-3 X2 +2x -3
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B -2x -2
=2+ 43 (x- 1)
-2x-2 B A B _ A(x-1) +B(x+3)
Let" 53y (x-1) = (x+3) T (x-1) = (x+3) (x-1)
Set the numerators equal: x22=A(x-1) +B(x+3)
Substitutex=1 = -2-2=Ax0+Bx4
= —-4=4B
= B= -1
Substitutex= -3 = 6-2=Ax ( -4) +Bx0
= 4= —-4A
= A=-1
Hence
22+ 2%x-8 -2x-2
Crmoz 27T (x+3) (x-1)
B 1 1
=2 (x+3) - (x-1)
3+ 1X+8 A B c
(C)Let (X+2)3 = (x+2) + (X+2)2 + (X+2)3

A(x+2)2+B(x+2) +C
(x+2)3

Set the numerators equal:
A+ 12X+ 8=A(x+2)2+B(x+2) +C
Substitutex= -2 = 12-24+8=Ax0+Bx0+C
= C= -4
Equate coefficients iR~ 3=A
= A=3
Equate coefficients ir: 12=424A+B  SubstituteA = 3
= 12=12 +B
= B=0
3 +1x+8 3 4
(x+2)8 — (x+2) (x+2)3

Hence

g x4 X403+ 0+ 0x+ 0
(d) -2+l X2 —2x+1
Divide the numerator by the denomina
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X4+ 2x43
¥ =2x+ 1t 007 £ 007 +0x 40
) g
P e |

2 —4xt +2x
3x* —2x+0
3x’ —6x+3

_ 4x-3 & Remainder
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Therefore
_ .2 4x - 3 . .
> =x°+2X+3+ ———  Factorise the denominator
X“—2x+1 - 2x+1
(x-1) 72

4x-3 _ __A B _ A(x-1) +B
Let———= 5 + =

(x-1)2  (x=1) = (x-1)2 (x-1)2

Set the numerators equal: x43=A(x-1) +B
Substitutex=1 = 4-3=B = B=1
Equate coefficients ir: 4=A

Hence

24X+ 3+ —X23 2 o434

X2 -2 +1 (x-1)2

© Pearson Education Ltd 20
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(X—l) + (X—1)2
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Partial fractions
Exercise F, Question 3

Question:

Giventhatf (x) =2+ 9x% + 10x + 3:

(a) Show that — 3 is a root ofxj(

(b) Expres% as partial fractions.

e

Solution:

@f(-3) =2x (-27) +9x9+10x%x ( —3)
+3=-54+81-30+3=0
Therefore —3isaroot = (x+ 3) is a factor

b)f(x) =23+9%+1x+3  (x+3) isafactor
(x+3) (2%+3x+1)  Byinspection
(Xx+3) (X+1) (x+1)

10 10 A B C

f(x) = (x+3) (2x+1) (x+1) — (x+3) T (x+1) T (x+1)

_OA(2x+1) (x+1) +B(x+3) (x+1) +C(x+3) (X+1)
- (x+3) (2x+1) (x+1)

Set the numerators equal:

10=A(2x+1) (x+1) +B(x+3) (x+1) +C(x+3)
(2x+1)

Substitutex= -1 = 10=Ax0+Bx0+Cx2x(-1)

= 10= - &C

= C=-5

Substitutex= -3 = 10=Ax(-5x(-2)+Bx0+Cx0
= 10=10A

= A=1

N |-
N
i
N -
~—

1
Substitutex = - = 10=Ax0+Bx (2 +Cx0

2
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> 10=1.28
= B=8
10 1 8 5

Hencer,y = v3y ¥ (x+1) ~ (x+1)

© Pearson Education Ltd 20
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