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Exercise A, Question 1

Question:

Draw mapping diagrams and graphs for the following operations:
(@) ‘subtract 5’ onthe set {10,5,0, — X{

(b) ‘double and add 3’ ontheset { —2,2,4,%{

(c) ‘square and then subtract 1’ ontheset { -3, -1,0,1x8,

(d) ‘the positive squarerc¢ onthesei{ -4,0,1,4,9,x{ .

Solution:
(@) Vi
y=x-15
27 Waas
(5.0) x
(b) Vi
y=2x+3
\ </ (6. 15
(4, 11)
(& ¥
4 >
(-2, =1)
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(©)

- 8
=] 0
0 —+> 1
1 >—— 0
3 8
X x? =1

(d)

9. 3)

(1, 1)
(0, 0)

=Y

Note: You cannot take the square root of a negative nu
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Exercise A, Question 2

Question:

Find the missing numbessto h in the following mapping diagrams:
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Solution:

X — 2x is ‘doubling’
-3—a soa= -6

1
b—9 sobhx2=9 = b:45

X—>x2-9 s ‘squaring then subtracting 9’
3>c soc=32-9=0
d>0 sod?-9=0 = d?=9 = d=+3

X—-3
4

10—»e soe= (10-3) +4=1.75
f-3
f—-5 so—~ =5 = =23

X —

IS ‘subtract 3, then divide by 4’

X— + \|x -3 IS ‘subtract 3, then take the positive square root’
27—g sog= +\{27-3= +[24= +2/6
h— ++v3 soph-3=+v3 = h-3=3 = h=6

1
Soa= -6,b=47,c=0,d= +3,e=1.75f=23,g=2V6,h=6
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Exercise B, Question 1

Question:

Find:

@ f(3) wheref (x) =5x+1

®g( —2) whereg k) =3x2-2
() h(0) where h x — 3%

@j ( —2) whergj : x — 2~ X
Solution:

@f(x) =5+1

Substitutex=3 = f(3) =5%x3+1=16

b)g (x) =3K-2

Substitutex= =2 = g( -2) =3x ( -2)2-2=3x4-2=10

oh(x) =3
Substitutex=0 = h(0) =¥=1

@j(x) =27%

Substitutex= -2 = j(-2) =2"(72) =22=4
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Exercise B, Question 2

Question:

Calculate the value(s) af b, c andd given that:
@p(a) =16wherep k) =3x—-2
®q(b) =17 where q &) =x%-3
©r(c) =34whererfk) =2(2) +2

@s(d) =0wheres(x) =x2+Xx-6
Solution:

@p (x) =3x-2
Substitutex=aand p (@) = 16 then
16 =3a-2

18 = 3a

a==6

g (x) =x°-3
Substitutex=band g (b) =17 then
17 =b*-3

20 =Db?
b= +\20
b= +25

©r(x) =2x2+2
Substitutex=candr (c) = 34 then
34=2x2F+2

32=2x2

16=2

c=4

dS (x) =x2+x-6
Substitutex=dand s (d) =0 then
0=d’+d-6

0= (d+3) (d-2)

d=2, -3
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Exercise B, Question 3

Question:

For the following functions
(i) sketch the graph of the function
(ii) state the range

(i) describe if the function is one-to-one or many-to-one.

@m(x) =3x+2
®n(x) =x2+5

©p (x) =sin(x)

@q(x) =x3
Solution:
@m(x) =3x+2
(i)

_]-‘JL

m(x) = 3x + 2
V<
N

/ X Y

i) Rangeofmk) is — o <m(X) < o
orm (x) € R (all of the real numbers)
(iif) Function is one-to-one

)N (x) =x%+5

()
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Vi
nx) =x2<+ 35
i
- o ol
A0 A
—X X B

(i) Rangeofn k) isn(x) > 5
(iif) Function is many-to-one

©p(x) =sin(x)
(i)

p(x) = sin(x)

A

i) Rangeofp k) is -1 < p(x) < 1
(iif) Function is many-to-one

w Y

@q(x) =x
(i)
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q(x) = 3

Page3 of 3

() Rangeof g k) is — o <q(x) < o orq(x) € R
(iif) Function is on-to-one
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Exercise B, Question 4

Question:

State whether or not the following graphs represent functions. Give reasons for
your answers and describe the type of function.

(&) Vi

Y

(b) Va

o |

(©) Vi

“ ¥

g
S
\

Dr.Faisal Rana www.biochemtuition.com faisal.rana@biochemtuition.com


www.biochemtuition.com

Heinemann Solutionbank: Core Maths &

(d) Iy

1
1/

Y

Q) VA

/
A

Solution:

(@ ¥ '

=Y

One-to-one functiot
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(b) VA

N

j_
One-to-one function
(© Vi
f’”ﬁfﬁf
) $\ ?
HH---,_

Not a functior
The values left ok = a do not get mapped anywhere.

The values right ok = a get mapped to two values yof

(@) yA

I\
_;K-/f

Not a function. Similar to part (¢
Values ofx betweenr and # get mapped to two values pnf

Values outside this don't get mapped anyw

=¥
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s

v

b
Not a function. The valux = b doesn't get mapped anywhere.

() Vi

“Y

L/

Many-to-one function. Two values « get mapped to the same valuey.
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Exercise C, Question 1

Question:

The functions below are defined for the discrete domains.

(i) Represent each function on a mapping diagram, writing down the elem
the range.

(if) State if the function is one-to-one or many-to-one.

@f(x) =2x+1forthedomain =1, 2, 3, 4, 5{.
0 g (x) = + v xforthe domain x=1, 4, 9, 16, 25, 36 .

©h (x) =x%forthedomain x= -2, -1, 0, 1, 2{.
@j(x) = —forthe domain =1, 2, 3, 4, 5{ .

Solution:
@f(x) =2+1 ‘Double and add 1’
(i)

(i) One-to-one function

®g(x) = + VYx ‘The positive square rc
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iy One-to-one function

2

ch(x) =x ‘Square the numbers in the domain’

(i) Many-to-one function

2
@j(x) =5  ‘2divided by numbers in the domain’
()

1 2

2 1

< R

4 >3

2
2 5

(i) One-to-one functior
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Exercise C, Question 2

Question:

The functions below are defined for continuous domains.
(i) Represent each function on a graph.

(i) State the range of the function.

(i) State if the function is one-to-one or many-to-one.

@m (x) =3x+ 2forthe domain >0({ .
®n(x) =x2+5forthedomain & > 2{.
©p (x) =2sinxforthe domain {0 < x < 180{ .

@q((x) = +\|x+2forthedomair{x > =-2{.
Solution:

@m(x) =3+2forx>0

Oy / m(x)
4

0 4 X

3x + 2 is a linear function of gradient 3 passing through 2 oy thes.
(i) x = 0 does not exist in the domain

Sorangeismx) >3x0+2 = m(x) >2
(iif) m(x) is a one-to-one function

Nn(x) =x2+5forx > 2
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| / n(.x)
0

X2 +5isa parabola with minimum pointat (0,5) .

The domain however is only values bigger than or equal to 2.
(i) x = 2 exists in the domain

Sorangeisnk) > 2°+5 = n(x) > 9

(i) n ( x) is a one-to-one function

©p(x) =2sixfor0 < x < 180

oo p(x)

-

I X

|
90 180

2 sinx has the same shape asxsexcept that it has been stretched by a factor of
2 parallel to they axis.

(i) Rangeof pf)isO0 < p(x) < 2

(iif) The function is many-to-one

@q (x) :+\|x+2forx > -2

My
/- q(x)
4

) X

Dr.Faisal Rana www.biochemtuition.com faisal.rana@biochemtuition.com


www.biochemtuition.com

Heinemann Solutionbank: Core Maths & Page3 of 3

\|x + 2is the V x graph translated 2 units to the |
(i) Therangeof g isq(x) > O
(iif) The function is on-to-one

© Pearson Education Ltd 2C
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Exercise C, Question 3

Question:

The mappings K) and gk) are defined by

[4—xx<4
F(x) = 1 X +9x > 4

[ —-X X<
g(X) = i 324_9)(>j1Ir

Explain why f) is a function and gjxs not.
Sketch the function %) and find

@ f(3)

(b £(10)

(c) the value(s) oasuch thaf (a) =90.
Solution:

4 - xis a linear function of gradient — 1 passing through 4 oly thes.
x>+9isa U -shaped quadratic

Atx=4 4-x=0andx®+9=25

Vi Y

g(x)
\4

X 4 X

AN

g(x) is not a function because the element 4 of the domain does not get mapped
anywhere.
In f(x) it gets mapped to z
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(@)f (3) =4-3=1 (Used4-xas3<4)

®f(10) =1F+9 =109

(©) Vi

4-x
\\x 90

Page2 of 2

(Use %+ 9 as 10 > 4)

The negative value @is where4 a=90 = a= -86
The positive value oh is where

a’+9 =90

a® =81

a= =9

a=9

The values oaare — 86 and 9
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Exercise C, Question 4

Question:

The function X) is defined by
(

2
_ xc-6 Xx<0
s(x) = 1 10-xx > 0

(a) Sketch ).
(b) Find the value(s) ad such thats &) = 43.
(c) Find the values of the domain that get mapped to themselves in the

Solution:

@X -6isa U -shaped quadratic with a minimum value of (0, - 6) .
10 —x s a linear function with gradient — 1 passing through 10 ox thes.

Vi

w 107
y=x2-6

\ X
6

y=10-x

(b) There is only one value asuch thas (a) =43 (see graph
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=

a= x7
Value is negative sa= — 7

(c) If value gets mapped to itself thenB) =b
For 10 —x part
10-b=Db
> 10=2
= b=5
Check. s(5) =10-5=%
For x2 - 6 part
b>-6=b
= b°-b-6=0
= (b-3) (b+2) =0

= b=3 -2
b must be negative
= b=-2

Check. s(-2) = (-2)2-6=4-6= -%
Values that get mapped to themselves — 2and 5

© Pearson Education Ltd 20

Dr.Faisal Rana www.biochemtuition.com faisal.rana@biochemtuition.com


www.biochemtuition.com

Heinemann Solutionbank: Core Maths &

Solutionbank

Pagel of 1

Edexcel AS and A Level Modular Mathematics

Exercise C, Question 5

Question:

The function gX) is defined by g &)
be found. Giverg (3) =10andg(8)

Solution:

g(x) =cx+d
g(3) =10 > c¢x3+d=10
g(8) =12 > cx8+d=12
3c+d=10 O
8c+d=12 @
@-0®: 5bc=2 (+5)
= ¢6=04
Substitutec = 0.4 into®:
3x04+d=10
1.2+d=10
d=28.8
Henceg (x) =0.4x + 8.8

© Pearson Education Ltd 20
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Exercise C, Question 6
Question:
The function fK) is defined by f (<) = ax® + bx — 5 wherea andb are

constants to be found. Giventhatf (1) = -4andf(2) =09, find the values
of the constanta andb.

Solution:
f(x) =ax®+bx-5
f(1) = -4 => ax13+bx1-5= -4

= a+b-5=-4
= a+b=1 O
f(2) =9 = ax28+bhx2-5=9
> 8a+2b-5=9
> 8a+2b=14

= da+b=7 0
@-0®:. 3a=6

= a=2
Substitutea = 2 in @©:
2+b=1
b= -1
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Exercise C, Question 7

Question:
The function hX) is defined by h k) =x?-6x+20{x > a{ .Given

that h§) is a one-to-one function find the smallest possible value of the constant
a.

Solution:

h(x) =x2-6x+20= (x-3)2-9+20= (x-3) 2+11
Thisisa U -shaped quadratic with minimum point at (3, 11).

Vi

h(x)

(311

Y

.
Lot

This is a many-to-one function.
For h(x) to be on-to-one,x > 3
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h(x)

(3:11)

=¥

Hence smallest value ais 3.
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Exercise D, Question 1

Question:

Given the functionsfk) =4x+1,g(x) = x2 — 4 and h x) = Xi find
expressions for the functions:

@fg (x)

() gf (x)

() gh (x)

@ fh (x)

@©F (x)

Solution:

@fg(x) =f(x2-4) =4(x¥-4) +1=4&%-15

®gf(x) =g(4&+1) = (&X+1)2-4=16¢+8x~-3

A~/

1Yy ,_ 1
X} _4—__4

X2

Ooh(x) =gy | =

4
X

@fh(x) =f (Xl) =4 x (Xl) +1=— +1

@©f2 (x) =ff(x) =f(4x+1) =4(4x+1) +1=16x+5

© Pearson Education Ltd 20
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Exercise D, Question 2

Question:

For the following functions K) and gk), find the composite functions fg(and
gf(x). In each case find a suitable domain and the corresponding range when

@f(x) =x-1,g(x) =x?

f(x) =x-3,g(x) = + Vx

©f (x) =2%Xg(x) =x+3
Solution:

@f(x) =x-1,g(x) =x?

fg(x) =f(x%) =x2-1
Domain xe &
Rangefg(x) > -1

Vi

N

-1

gf (x) =g(x-1) = (x-1)?2
Domain x€ #
Rangegf (x) > O
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Fa
y=(x—-1)

N\ R

1 X

mf(x) =x-3,g(x) = + Vx

fg(x) =f( + Vx) = Vx-3

Domainx > 0

(It will not be defined for negative numbers)
Rangefgx) > -3

Vi
J'I = ".Il{f_ 3'

Y

=

N

gf(x) =g(x-3) =\{x-3
Domainx > 3
Rangegf(x) > O

Vi

y=/x -3x

Y

@f(x) =25,g(x) =x+3
fg(x) =f(x+3) =2*3
Domain x& £

Rangefg (x) >0
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e

Y

of (x) =g(2) =2+3

Domain xe #

Range gf x) >3

Vi

e

o~ 2.1' +3

Il
o
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Exercise D, Question 3

Question:

ff(x) =3x-2andg(x) =x findthe number(sd such that fg @)

=gf(a) .
Solution:

f(x) =3x-2,g(x) =x2
fg(x) =f(x%) =3%-2

gf (x) =g(Xx-2) = (Xx-2)?2

Iffg (a) =gf(a)
3a2-2= (Z-2)2
322 -2=%%-12a+ 4
0=6a°-12a+6
0=a’?-2a+1

0= (a-1) 2
Hencea =1

© Pearson Education Ltd 20
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Exercise D, Question 4

Question:

Giventhats k) = XT12and t(x) =3x+ 4find the numbem such that ts
(m) =16.

Solution:
s(x) = 75, t(x) =X+4
1 1
ts(x) =t (x—Z} =3 x (x—Z) +4=7"7+4
Ifts(m) =16
——4+4=16 (-4)
3

——=12 [ x (m-2)]
3=12(m-2) ( +12)

3 _
12—m—2
0.25=m-2
m= 225

© Pearson Education Ltd 20
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Exercise D, Question 5
Question:

The functions ), m(x), n(x) and pk) are defined by 1 k) =2x+ 1, m (x)
=x2-1,n(x) = —

X+5
functions:

andp (x) = x°. Find in terms of I, m, n and p the

(@) 4x + 3

(b) AX2 + 4x

©%.

2
@ s+l

@ (x*-1)3
H2x2 - 1

(@) %%’
Solution:

@X+3=2(X+1) +1=21(x) +1=1(x) [orl?(x) ]
D +4x= (2x+1)2-1=[I(x)]2%-1=ml(x)

1 1

1
(C)X2+4_ (X2_1)+5_ m(X)+5_nm(X)

2
d3rs t1=2x% +1=2nKx) +1=In(x)

X+5
@ (x¥*=1) %= [m(x) ] ®=pm(x)
(f)2X2—l:2(X2—l) +1=2m(x) +1=Im(x)
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@@= (x3)313={I[p(x)13{3=1[pp(x) ] 3=ppp(x)
=p3(x)

© Pearson Education Ltd 20
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Exercise D, Question 6

Question:

fm(x) =2x+3andn ) = Lzs,provethatmnx) =X

Solution:
Xx—3
m(x) =2x+3,n(x) = =
r—3]
mn{x}—m‘ ‘ }f‘ +3=x-3+3=x

© Pearson Education Ltd 20
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Exercise D, Question 7

Question:

3
Xx+1

Ifs(x) = andt(x) = i;x,provethatst)(() =X

Solution:

3
s(x) =551 t(x) =7

e

stx)

X
3 X

I—x | wX
x
3x
I—x+x

A
7
- %
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Exercise D, Question 8

Question:
X+1 . .
Iff (x) = 7, provethat?(x) = —.Hence find an expression for(fx) .
Solution:
1
F(x) =531
= |1
filx) = £
I"l__]_l
_ 1 x(x=+1)
L | x(x+D)
x+1
_ . &l
l+x+1
_ x4+l
x+2
P =] - £
lx42
i 1 #*x+2)
x+1 L x(x+2)
x+2
- x+2
x+1+x+2
_ X+2
2x+3
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Exercise E, Question 1

Question:

For the following functions K), sketch the graphs ofxj(and f~ 1 (x) onthe
same set of axes. Determine also the equation &f(fx ) .

@f(x) =2+3 {xe Rf{
y [ )
of(x) =5 {xXER ¢
{ )

[ ]

©f (x) :Xl %Lxeﬁ?, X% 0 J}

@f(x) =4-x {xe R{
@f (x) =x2+2 {xe R, x > 0f{

Of(x) =x> {xe€ B
Solution:

@Ilfy=2x+3
y—-3=2X
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yi f(x) = 2x + 3

i
—_—
=
"
Il
-
ad

X
oIfy=73
2y = X
Hence f 1(x) =2«

"!y‘ A

1
Hence 1 (x) =

Note that the inverse to the function is identical to the funt
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@Iify=4-x
XxX+y=4
X=4-y

Hence f 1(x) =4 -x
Note that the inverse to the function is identical to the fun

¥ i

,_.
Il
=

f-i(x) =4 -x =f(x)

(@Hy:x2+2
y—Z:%
ﬂy—2:x

Hencef ~1(x) =\x-2
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it f(x) =x2+ 2

Hence f 1(x) =3\x

Vi

f(x) = x°

LY =X

/ - l (1} — 3/_?

Y
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Exercise E, Question 2

Question:

Determine which of the functions in Question 1 are self inverses. (That is to say
the function and its inverse are identic

Solution:

Look back at Question 1.
1
1(c)f(x) = and

1(d)f(x) =4-x
are both identical to their invers
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Exercise E, Question 3

Question:

Explain why the functiongXx) =4-x {x€ £, x>0{ isnotidentical t

Its inverse
Solution:
_}' i
yi=x
g-(x) =4 - x
4
:_
g(x)
g(x) =4-X

has domaix >0
andrangegx) <4
Henceg 1 (x) =4-x
has domainx < 4
andrange g1 (x) >0

Although g&) and g~ 1 (x) have identical equations they act on different

numbers and so are not identical. See g
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Exercise E, Question 4

Question:

For the following functions ¢f, sketch the graphs ofxg(and g~ 1 (x) onthe
same set of axes. Determine the equation‘o* gx) , taking care with its

domain.
- ]
@g(x) =7 1 XER, x = SJF

g(x) =2-1 {xekh, x > 0{

s | ]
@©@g(x) =75 1XER, x>2 J%

@g(x) =\x-3 {xeB, x > 7{
@Qg(x) =xX2+2 {XER, x>4{

Mmg(x) =x°-8 {xe B, x < 2{

Solution:
(@ Vi |
-1{x) = —
g-1(x) = o
\_____ g{l—} -
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| ]
g(x) = {LXEE, X > SJ%

hasrangegx) € £, 0<g(x) < %

Changing the subject of the formula gives

(

g~ (x) le {xeR, 0<x < %%

(b)

g(x) =2-1 {xek, x > 0{
hasrangegx) € £, g(x) > -1
Changing the subject of the formula gives

oy w
g-1(x) =55 {xer x > -1}

J
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(€)

s | |
g(x) =3, 1 XER, x>2J}

hasrangegx) € £, g(x) >0
Changing the subject of the formula gives

_ .3
y= X—-2
y(x—-2) =3

5 = 3
X727y
_ 3 ( 3+2y )
X = Y + 2 kor y )

3+2

Henceg 1(x) = = +2 (or ;X}
{xe R, x>0{
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(d)

g(x) :\Ix—3 {xelr, x > T{
hasrangegx) € £, g(x) > 2

Changing the subject of the formula gives

y=\x-3
y2=x-3
X = y2 + 3
Hence g 1 (x) =x%+ 3 withdomaixe £, x > 2
(e} VA -
' glx).= x4+ 2
y=x
(4, 18) I g
,-’// gli(x)=+vx -2
/'/ -h;

g(x) =x2+2 {xe R, x>4{
hasrangegx) € £, g(x) >18

Changing the subject of the formula gives

_1 _ — . .

g ~(x) —\Ix 2 with domainx € £, x> 18
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(f) Vi
y =X
gl(x) = Y +8_x(0,2)"
/ S @,0 _
' g(x) = x* -8
8
g(x) =x3-8 {xe R, x < 2{
hasrangegx) € £,g(x) < 0

Changing the subject of the formula gives

y:ﬁ—S
y+8=x3
3y +8=x

Hence g 1 (x) =3[x+ 8 with domaixe £, x < O
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Exercise E, Question 5

Question:

The function mx) is definedby m &) =x2+4x+9 {xe€ B, x>a{ for
some constard. If m ™1 ( x) exists, state the least valueacdnd hence
determine the equation m ™~ 1 (x) . State its domai

Solution:

m(x) =x2+4x+9 {xe B, x>af.
Lety:x2+4x+9

y= (x+2)2-4+9

y= (x+2)2+5

This has a minimum valueof ( - 2,5) .

Vi

X

For m) to have an inverse it must be one-to-one.
Hence the least value afis - 2.

7 m(x) =(x+2):+5

/ ,/ ”

(—2 3) '

=2
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m(x) would have arange of mx() € £, m(x) >5
Changing the subject of the formula gives

y= (x+2)%+5

y-5= (x+2)°

y-5=x+2
y—-5-2=x

Hencem 1 (x) =Y\x-5 - 2 with domairx € & x> 5
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Exercise E, Question 6

Question:

Determine £ 1 (x) if the function tK) is defined by t ) =x% - 6x+ 5
{xe Rk, x > 5{.

Solution:

t(x) =x% - 6x+5 {xe kR, x > 5{

Lety=x2-6x+5 (complete the square)

y= (x-3)2-9+5

y= (x-3)2-4

This has a minimum pointat (3, —4) .

Note. Since x > 5 is the domain, tj¥s a one-to-one function.

Change the subject of the formula to findt( x) :
y= (x-3)°-4
y+t4= (x-3)°

y+4=x-3
y+4+3=X

V&

. t(x)

T 6.0) X

t(x) =x2-6x+5 {xek, x >
hasrangetx) € #, t(x) > 0
Sot 1(x) =\{x+4 +3andhas domaing #, x > 0

5 {
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Exercise E, Question 7
Question:
2x+1 ( ]

The function 1) is defined by h &) = S — 1 X€F, x#2 .

l J
@) What happens to the function»aapproaches 2?
®Findh~1(3) .
©Findh™1 ( x) , stating clearly its domain.

(d) Find the elements of the domain that get mapped to themselves by the
function

Solution:

@AsXx— 2 h(x) — %and hence hx) — o

b Tofindh™1 (3) we can find what element of the domain gets mapped to 3.

h(a)=3

d 3
a = h-1(3)

Soh(a) =3

2a+1_

a-2 ~

2a+1=3A-6

7=a

Soh 1(3) =7

2x+1 . .
(c) Lety = S —>and find xas a function oy.
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y(x—-2) =2x+1

yX -2y =2x+1
yX—2Xx=2y+1
x(y-2) = +1
y+1
Xx= 77
x+1 | 1

Soh~1(x) =55 %Lxeﬁ’, X # 2 J%

Hence the inverse function has exactly the same equation as the fuBation.
the elements don't get mapped to themselves, see part (b).

(d) For elements to get mapped to themselves

h(b) =b
2b+1
b-2 ~
2b+1=b(b-2)
2b+1=b%-2b
0=b%-4b-1
+{16+4 4xV20 4=+245
= 4 > i = Z\I_: > :21\/5

The element2 + V 5and2 — V 5 get mapped to themselves by the func
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Exercise E, Question 8

Question:

The function f (x) is defined by f x) = 22 -3 {xek, x<0{.
Determine

@f~1(x) clearly stating its domain

(b) the values oa for whichf (a) =f~1(a) .
Solution:

(a)Lety:2x2—3
y+3=2°
y*3 _ 2

> =X

y+3
2

=X

The domain of f 1 (x) is the range of f k) .
f(x) =2¢-3 {xe R, x<0{
hasrangefgk) > -3

Hence f~ 1 (x) must be theegative square root

-1 X+3 -
f " (x) = - > _hasdomaix € f, x> -3

fix)=2x2-3 J&

o 1ff(a) =f~1(a) then ais negative (see graph).
Solvef (a) =a
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2a2-3=a

2a2-a-3=0

(2a-3) (a+1) =0
3

a= 35, -1

Thereforea= -1
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Exercise F, Question 1

Question:

Categorise the following as
(i) not a function

(i) a one-to-one function
(iif) a many-to-one function.

(@) Vi

N
N

(b) I

o\

L

/
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© Y
0 X
@ v

0 X

(e) ¥y ,
_// E -
O E X
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(f) ‘1-' A

Solution:
(a) not a function

Vi

{

(ol
I |

T
M

x valuea gets mapped to two valuesyof
x valueb gets mapped to no values

(b) One-to-one functiol

Dr.Faisal Rana www.biochemtuition.com

Page3 of 5

faisal.rana@biochemtuition.com


www.biochemtuition.com

Heinemann Solutionbank: Core Maths &

.]’1 '
-
T
/N
a %
(c) many-to-one function
,1'1 '
/N /N
— a X
(d) many-to-one function
Vi
\ VAR X
e ol
(e) not a functiol
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Vi

aj X

x valuea doesn't get mapped to any valuey.of
It could be redefined as a function if the domain is said to excludeaoint

(f not a function

Vi

/
A

-

() x

x values less thaamdon't get mapped anywhere.
Again we could define the domain toke > aand then it would be a
function
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Exercise F, Question 2

Question:

The following functions ), g(x) and hk) are defined by
f(x) =4(x-2) {xek, x > 0{

g(x) =x3+1 { xe B{

h(x) =3 { xe B{

@ Find f(7),g(3)and h ( - 2) .

(b) Find the range of X} and the range of g
©Findg~1(x) .

(d) Find the composite function fg)(
(e)Solvegh (a) = 244.

Solution:

@f(7) =4(7-2) =4x5=20
g(3) =F+1=27+1=28
1

h( —2) :3_2: ;:

Ol

owf(x) =4(x—-2) =4-8
This is a straight line with gradient 4 and intercept — 8.
The domain tells us that > 0.

Vi f(x)

:__,:"

—8
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Therangeof ) isf(x) € #,f(x) > -8
g(x) =x>+1

ya

g(x)

'-".“

Therangeofgisg (x) € &

(c) Lety = X3+ 1 (change the subject of the formula)

Henceg 1(x) =3[x-1 {xe B{

Dfg(x) =f(xP+1) =4(C+1-2) =4(3-1)

(e) Find ghg) first.

gh(x) =g(3) = () 3+1=3%+1
Ifgh(a) =244

3%+ 1 =244

33a=243

338.:35

3a=5

5

a= 3
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Exercise F, Question 3

Question:

The function nX) is defined by

[5—xx < 0

n(X) = i 2 X>6

@ Findn ( —3) and n(3).
(b) Find the value(s) casuchthan(a) =50.

Solution:

Vi
y=5—x y=x2

=T

y =5 —x s a straight line with gradient — 1 passing through 5 o1y toas.
y = x?isa U -shaped quadratic passing through (0, 0).
@n(-3) =5-(-3)=5+3=8

n(3) =%=9

(b) There are two values a.
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\\ 50 /

=Y

o i

The negative value @is where

5-a=>50

a=5-50

a= —45

The positive value oh is where
a2 = 50

a=\50

a=5v?2

The values oasuchthan(a) =50are —45and + 5+ 2.
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Exercise F, Question 4

Question:

The function gf) is definedasgx) =2+7 {xe £k, x > 0{.
(@) Sketch gX) and find the range.

(b) Determine g 1 (x) , stating its domain.

(c) Sketch g 1 (x) on the same axes axg(stating the relationship between
the two graph

Solution:

(@) y= 2x + 7 is a straight line of gradient 2 passing through 7 oy thes.
The domainis givenas > 0.

Vi glx) =2x + 7
'_II.'_
0 X

Hence therangeisgx() > 7

(o) The domain of the inverse functionxis > 7.
To find the equation of the inverse function use a flow chart.

2 +7

Y i

x 2x .4 i T

W2 2Ny, 2
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-1 X=7 )
g~ *(x) = 5 andhasdomain > 7

© ya gx)=2x+17

0 7 X

g~ 1(x) isthe reflection of ) in the liney = x.
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Exercise F, Question 5

Question:

The functions f and g are defined by
fix—>4x-1 {xe R{

( a
VXER, X£ St
| J

Find in its simplest form:

g.xX— 2x-1

() the inverse function 1
(b) the composite function gf, stating its domain

(c) the values ok for which 2f (x) =g (x) , giving your answers to 3 decin
places.

[E]
Solution:
@f : x—>4x-1
Lety = 4x — 1 and change the subject of the formula.
= y+1=4
_ y*1
= X= 7
1 X+1
Hencef ~:x— —
3 3
®gf (x) =g(&-1) =3 5%-1)-1~ -3
3
Hence gf X — 5,3

The domain would include all the real numbers apart ﬁrozrng(i.e. where
8x — 3 = 0).

©If2f(x) =g (x)

2x (&X-1) =57
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3
8x -2 = % 1
(8x—-2) (%-1) =3
16x2 — 12X +2 =3
16x2 — 12 -1=0

-b+\[b?-4ac

Usex = a witha=16,b= - 12 andc= - 1.
12 + 1 144 + 64 12 + 1 208

Thenx= ———— = === =0826, -0.076

Values oix are — 0.07€¢ and 0.82
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Exercise F, Question 6

Question:

The function f§) is defined by
[

_ -Xxx <1

t(x) = i X-2x>1
(a) Sketch the graph off(for -2 < x < 6.
() Find the values af for which f (x) = - .
[E]
Solution:
(a) Vi

(6. 4)

(2 2)
e
(1, -1)
Forx < 1,f(x) = —-X
This is a straight line of gradient — 1.
At point x= 1, itsy coordinate is — 1.
Forx>1,f(x) =x-2
This is a straight line of gradient + 1.
At point x= 1, itsy coordinate is also - 1.
The graph is said to lm®ntinuous.
1

(b) There are two values at which k() = - 7(see graph).
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a b

_| -

and X
2

Pointa is where

__ 1 _ 1
—-X= -7 = X= 3
Pointb is where
__ 1 _q.1
X-2=-5 = x=175
: 11 1
The values ok for which f (x) = - Jare; and §
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Exercise F, Question 7

Question:

The function f is defined by

[ ]
{xer, x>1 ¢
| J

2X+ 3
Xx—1

f: x—

@Find f~1(x) .

(b) Find (i) the range of T 1 (x)
(ii) the domain of 1 (x) .

[E]
Solution:

@ To find f~1 (x) change the subject of the formula.
2x+ 3

Lety = XX_+1

y(x—-1) =X%+3

yX—-y=2x+3

yX—=2X=y+ 3

x(y-2) =y+3

y+3

y—-2

X =

X+ 3
X—2

Therefore f 1: x —
) f(x) has domain € £, x>1{ andrange {f(x) € £, f(x) >2

{
2%
ASX— o ,y— - =2
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____________________________________________

S ]

x=1

Sof~1(x) hasdomain k€ £, x>2{ andrange {f 1(x)

]
E R, f_l(x\>1}
)7
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Exercise F, Question 8

Question:

The functions f and g are defined by

[ ]
f:x— ﬁ { XER, xX£2
| J

3 [ ]
g:X— T {xXeRrm, x+0 ¢
| J

(a) Find an expression forfl (x) .
(b) Write down the range of 1 (x) .

(c) Calculate gf(1.5).

(d) Use algebra to find the valuesyoffor which g (x) =f(x) +4.

[E]
Solution:

@ To find f~ 1 (x) change the subject of the formula.

X
Lety= 75

y(x—-2) =x
yXx — 2y =X (rearrange)
yX =X =2y
x(y-1) =%
2y
X= 3777
It must always be rewritten as a functiorxin

_ 2X
f 1(X):x—l

o) The range of T 1 (x) is the domain of f &) .
Hencerangeis {T1(x) e B, f 1(x) #2{.
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©9f (1.5) =g[1,£2) = (_—05} =g9(-3) ==/3=-1

@Ifg(x) =f(x) +4
3 _ _x [ (
= X2 t4 ] xx\x—2
3(X—2) =xxXX+4x(x—-2)
3X — 6 =x2 + 4x% - 8x
0=5¢-1Ix+ 6

0= (5%-6) (x-1)

, 1

N— —
L 1

ulo

= X=
6
The values ok for which g (x) =f(x) +4arez and 1.
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Exercise F, Question 9

Question:
The functions f and g are given by
[ ]
. X 1
f:x— 1 xe1 %Lxeﬁ?, X>1 JF
( ]
g:X— — I XER, x>0 ¢
| J
1

(@) Show that f (x) = x-1) (x+1) "

(b) Find the range of fX) .
(c) Solve gf (x) =70.

[E]
Solution:
1
(a)f(X) - X2X_1_ X+ 1
_ X 1
T o (x+1)(x-1)  (x+1)
_ X X—1
T (x+1) (x=-1) = (x+1) (x-1)
X= (x=-1)

(x+1) (x-1)
1
(x+1) (x-1)

(b) The range of f k) is the set of values thatake.

By using a graphical calculator we can see yaf

(
x)

L
|

XER, x# -1, Xx£1 ¢ isasymmetrical graph about thaxis.
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¥y A
| fx)
5 ; .
0, -1)
Forx>1,f(x) >0
_ 0 ! 1 _ 2 _
©9f (x) —g|_ (x-1) (x+1) | ~ ) =2x
(x=1) (x+1)
_ ( A )
(x 1)1(x+1) _ 5 | w— 1 | |X+1 |
\ )\ )
Ifgf (x) =70

2(x-1) (x+1) =70
(x-1) (x+1) =35

x2-1=235
x2 = 36
X= *6
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