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The binomial expansion
Exercise A, Question 1

Question:

Find the binomial expansion of the following up to and including the ters in
State the range valuesofor which these expansions are valid.

@ (1+x)3

(b) =

©Y (1+x)

1
(1+2x) 3

(d)

@3N (1-%)

() (1-10)

) -4
)

N X

@ 1+

1

(h) (1+2¥)

Solution:

(@) (1+X) 3 Use expansion with = 3 andx replaced with 2x

( ) 3x2x (2x) 2 3x2x1x (2% 3
=1+3 ] & | + 21 + 31
\ J
3x2x1x0x (29 4
41

=1 +6ex+ 122+ 83+ 0x*  All terms after & will also be zero

=1+ 6x+ 126 + 8¢
Expansion is finite and exact. Valid for all valuesx.
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1
(b) T—% Write in index form

= (1-x) -1 Use expansion with = — 1 andx replaced with X
(oY) iy Co) ( oy 2
1+ | -1 | —x|+( )(2')(x)
\ )\ )
(—1)(—2)(—3)(—><)3
31

=1+ X+ DG+ XA+
=1 +X+X2+ x5+
Expansion is infinite. Valid when | x| <1 = |x| <1.
(c)Y1+x  Write in index form

1 1
= (1+x) 2 Use expansion with = 7 andx replaced withx

1 21 2
V(5 (-5 ™

2!

+

1

|_\

+
N
N -
~—

AT TN

X

+

1 _ 1 _ 3 3
(3) (-3) (-3) ®

3!

+

1
=1+ 5x- 52+ o3+

Expansion is |nf|n|te. Valid whenx|| < 1.

1
(1+2x) 3
= (1+2%) ~ 3 Use expansion with = — 3 andx replaced with £

Write in index form

(d)

(N Y aymar om 2
e | o—a || x| e @T,

N N

(-3)(-4)(-5)(20°
31

=1 — 6 + 24x% — 803 +

Expansion is infinite. Valid when k3 <1 = |x| < 3.
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)3 (1-3x)  Write in index form
1 1
= (1-X) 3 Use expansion with = Zandx replaced with - 8

)

L1y 22y (lan2
(3) (=3) (=)

Wl

21 +

|

|
:]_+( I+
|

(
I
)
)} _3X
|
\

)
(3) (=3) (=3) (-39°

3!

+

5
=1-x-x2- x>+

1
Expansion is infinite. Valid when | %3 <1 = [x]| < 3.

3 3
(f) (1-1x) 2 Use expansion with = Zandx replaced with — 10
.
3 1 _ 2
(3\| | () (7)) (-10%)
=1+ \E) I - 10x I + > +
| |
\ )
3, .1, _1 _ 3
() (3) (-35) (-10%)
3! +
3 1 ( 3
— = 2 _ — 3
=1-1x%+ 3 x 10 - 75 % L - 100& ) +
75 125
=1-15+ S x2+ X3+
1
Expansion is infinite. Valid when | =20 <1 = [x| < 75.
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(9) ( 1+ Xz } ~4  Use expansion with = - 4 andx replaced With%
(

X
21 4

Y (=) (-5) (x5,
) La) T

5 5
4 52_ 3.3
=1-X+ gX"— X7+

Expansion is infinite. Valid Wth{ % | <l= |[x]| <4.

1
1+2%
= (1+22) ~1  Use expansion with= - 1 andx replaced with 2%
_ ( Yo 2 ), L=1)(=2)(28)°?

SR Ul B U B 2! '

Write in index form

(h)

=1-2C+

Expansion is infinite. Valid when p(%| <1l = |[x| <73,
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The binomial expansion
Exercise A, Question 2

Question:
. .. (1+x) -1 .
By first writing (1-2x) 25 (1+) (1-2%) show that the cubic
. . (1+x) . 2
approximation tom is 1 +33+ 6x2 + 12¢. State the range of values)of

for which this expansion is val

Solution:
X - (1ex ) (1-2) "1 Expand (1-2) - lusing binomial
1-2x = | X ( ) xpand ( ) using binomia
expansion
( VI ( Y[ ) SV (=2) € -2 2
e S I R B T B B O e R
\ )L \ )\ )
(-1)(=2)(=3) (=293 !
3 + . |
]
= (1+x) (1+X%+4¢+83+ ... )  Multiply out
=1+ X+A2+8C+ ... +x+28+a3+8¢+ ... Addlike

terms
=1+ X+ 6x2+12C +
1

(1-2) ~lisonlyvalidwhen | -®| <1 = [x| <3

. l+x . : 1
So expansion of -, is only valid wherx | < 7.
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The binomial expansion
Exercise A, Question 3

Question:

Find the binomial expansion ¢f\ ( 1 %3 in ascending powers a&fup to and

including the term inc. By substitutingk = 0.01 in the expansion, find an
approximation to|\ 103. By comparing it with the exact value, comment on the
accuracy of your approximatic

Solution:

1
2

V(1+3X) = (1+X)

(5) (=3) (302

2!

N -

.
| |
_ (1)
_1+\)}3<I+ +
| |
L)

3 9 27
_ >, 22, 4
—1+2x 8x+16x3+

1
This expansionisvalidif pg <1 = [x| <3

1
Substitutex = 0.01 (OK, as k| < 3) into both sides to give

3 9 27
1+3x0.01= 1+, x00l1-; x0.6k T, x00F
1.03= 1+ 0.015 - 0.0001125 + 0.0000016875

103 _ (1,103 V103 V103 )

100 — 1.014889188 L Voo =Yoo = 10 )
Y103 _ ( )

10 — 1014889188 L X 10]

\| 103= 10.14889188
Using a calculatc
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\| 102 = 10.1488915
Hence approximation correct to 6 (
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The binomial expansion
Exercise A, Question 4

Question:

1
In the expansion of (1 &x) ~ zthe coefficient of is 24. Find possible values

of the constara and the corresponding term x°.
Solution:
()
R S )
1 g 1Y | | (-3) (-3) (ax)
(1+ax)_2:1+K_E)|aX|+ 21 +
| |
| |
N
_1 _3 _ >3 3
(-3) (=-3) (-3) (ax)
3! +
1 35,50 5 3

:1—§ax+ gad™X" — Jga +

: . L 1
This expansionisvalidif gx| <1 = |x| < 7.

If coefficient of ¥ is 24 then

a= *+8
Termin ¥ is

5 5
- Eag’)@: - 6 (£8) 353 = +160%

If a = 8, term in Ris — 160%
Ifa= -8, term inx3is + 160x3
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The binomial expansion
Exercise A, Question 5

Question:
. L 1Ex ). :
Show that ifx is small, the expressmr \ 1—x ) IS approximated by 1 x +
1.2
X
Solution:
I Ly 1
T
1 1
= (1+x) 2(1-x) ~ 2 Expand using the binomial expansion
1 (2) (-2) ()2
=[1+(3) (x)+ "2 2 + 1 [1+(-75) (-x)+
2!
(-2) (-2) (-x)2
2 2 AL ]
21
1 1 1 3
= (1+ 5x= 9+ ) (L+35x+ 9%+ )
— 1 3.2 1 1 3.2 _1p2
—1(1+2x+ Xt .. )+2x(1+2x+ Xt . ) 8x(1+
1 3.2
SXt Xt )
_ 1 32,1 12 12 :
=1+ SX+ Xt OX+ OX Xt Add like terms
=14x+ =X+
2
1+x - 1 2
Hencef\ 7= 14+ 5x

If terms larger than or equal x3 are ignorec
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The binomial expansion
Exercise A, Question 6

Question:

3

Find the first four terms in the expansion of ( 1 -)3x. By substituting in a suitable

3
value ofx, find an approximation to 97.

Solution:

3 3 3y (Ym0 (2 (3 (-3 (-39
(1—3X)5:1+(E)(_3()+ 2 2 + 2 2 2

2! 3!
:1_9—X+2LX2+E+
2 8 16
. L 1
Expansionisvalidif | -3x <1 = [x]| < 3.

Substitutex = 0.01 into both sides of expansion to give
9x0.01 27x (001)2 27x (0.01)3
2 ¥ 8 + 16 +

3
(1-3x001)2z =1-

3

+

(0.97) 2= 1-0.045+ 0.0003375 + 0.000001687
3
(0.97) 2 = 0.955339187
3 3 3
(97 )23 _ r(ﬂ\g 975 973 975 |
(100 j 2 = 0.955339187, |L (200 )27 "3 (Y100)3 = 1000 |
1005 ]
3
975 ( )
Toog = 0.955339187 |  x 1000
\ )
3
972 = 955.339187
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The binomial expansion
Exercise B, Question 1

Question:

Find the binomial expansions of the following in ascending powexasfar a:
the term inx®. State the range of values)ofor which the expansions are valid.

@1 (4+)

0) 7

1
(c) 25 2

() Y (9+x)

1

© Tz

5
M 352

1+x

(9) 5+x

[ 2+x

™\ {1

N—

Solution:

@) (4+X%)  Write in index form.

_ I 2 1
= 4 K 1+ INE Remember to put the 4 to the powger

1 1 1
=45(1+X5)5 42 =2
R . L _ X
=2 \1+ 2 )2 Use the binomial expansion withs Zandx = 7
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|
1 1 X
(Z) (-Z) (T)?2
g () (XN, 22tz
- | \2) \2) 2!
|
L
1
1 _ 1 _ 3 X 13
(3) (=3) (=3) () |
31 + : }
|
]
( x  ®xX \ -
=2 L 1+ -5+ + ) Multiply by the 2

vwdﬁ‘gw <1 = |x| <2

1
(b) 7% Write in index form

= (2+x) ~ Take out a factor of 2
= [2 (1 X;) }‘1 Remember to put 2 to the power - 1
=2 ( i\ 27 1= 2 Use the binomial expansion with
- \ T2 ’ - 2 P
n= —-1landx= X;
NN
_ 1 (X ) (1) (=2) (x>
‘2I1+I_1I\2j+ 21 L2 )
L \ )
]
(—l)(—2)(—3)(x\3 |
3 7 |
L) |
]
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_i(. x ¥ X \ - 1
=3 \1— S+t -3t .. ) Multiply by the3
I S R
=27 2%%8 "6

(c) > Write in index form
(4-x)
= (4-x) ~? Take 4 out as a factor
R I AR S T
Lttt
_4_2fl_i\—2 4—2—iu he bi I h
= 1 i) , = g~ Use the binomial expansion wit
n= —2andxzxz
I ( )
1 ([ x ) (=2)(=3) ([ X2
==l 1+ [ -2 | - + - +
16 4 2! 4
] | ) \ ) \ )
(=2)(=3)(=4) [ x)\3 W‘
3! A
]
N S S ) : 1
= 16K1+ >t 36 Tt 16 T ) Multiply by 76

_1ox o3 X
= 167 32%F 256 7 286

I<1=> |x| <4

A X

Valid for I

(d)Y9 +x  Write in index form
1

= (9+x) 2 Take 9 out as a factor

_ gl XY 12
A

1/ x )1 1 1
:92K1 3) 2, 92 = 3. Use binomial expansion with= 7and

>
1
© | X
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|
1 1
iy ey, 22 T2 oy
— = A 212
B3tz e T e )
|
L
1
1 1
(E)(—E)(—E)(X\s |
3 |5 13+ |
L) I
]
( x X x° \ -
=3 1+ 78 ~ a8 * 1rees T ) Multiply by 3
X2 x3

X
3+ % ~ 216 T 3888

Validfor|xg| <1 = |x| <9

1
©) Gax Write in index form

[ERN

= (2+x) ~ 2 Take out a factor of 2

_ I, x ) ] -2
- |_2k1+2)J 2
_ 1y x ) _ 1 _ 1 1 1 i :
=2 2K1+E] 2, 2 2:—1:E.Usebln0mla|
25
) : 1 X
expansion with = — Jandx = 3
I
1 3
(-7%) (-3)
_ L, (A2, 22 (xg,
BRE L "2) 2] 2! L2 )

|
|
|
|
|
]
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i
3
(-3) (-%) (-7%)
2 2 2’ (x4 , }
3! \ 2 j : ‘

|
]

_L (., x ¥ 50 ) : 1

=2 1" %+t %% ~me* -+ ) Multiply by

1 X 3x2 5x3 . .

= 2" av2t 3292 " 1mv2 T - Rationalise surds

N2 d2x  3V2@ s2¢

=2 T 78 T e T 256

Valid if } X;} <1 = |x| <2

5
() 375  Write in index form

=5(3+x) ~1 Take outa factor of 3

el of S ]
_5L3\1+ 3 ) |
2 1
=5x371 (1+ gx) -1, 371= 3. Use binomial expansion with
_ _
n=-landx= 7
I ( )
5 [ 2x ) (-1) (=2) (2 ),
=3l 1+ -1 + +
3 3 21 3
] K ) \ 3 ) \ 3 )
(1) (=2)(=3) (2 V3, 7‘
3| kg) e J
5(,_ x & 8 ) . 5
=3 \1_ 3 t g o7 ) Multiply by 3
5 10x  20@  40%
=37 9 T T a
]2 3
Valid if 3 <1l = |x]| <3
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1+x : 1 ..
(9) 35  Write 3 inindex form

= (1+x) (2+x) ~1 Take outa factor of 2

= (l+x)[2(1+%)}‘1
= (1+x)2‘1 (1+X3) -1 Expand( 1+X3} ~ L using the
binomial expansion
( Y, (Y, ey
= | 1+x |%|1+ | —1|(;}+( 1;!( 2)(3)2+
\ )L \ )
(-1)(-2)(-3)/1\3+ 1|
3! L2 )
|
1 X X X3 _ (
= (l+x)§(1—5+7—§+ ) Multlply\Kl—
X XX X ) 1
2t 778"t | by
( Y(r_ox 2 ¥ .
= K1+X) \2—4+ s ~ 18t ) Multiply your answer
by (1+x)
(1_x ¥ _ X ) (1_x_ ¥ X
=l 2%t Tt o) X 2T 4t Tt
)
Y
1 X X2 x3 X X2 x3 _
= o-7+tg 1" +5 -, +tg + . Collect like
terms

11 1 1

1 1 1, 1

= 3+ 24X 8X+16X3
|

valid if | X;} <1 = |x] <2

2+X
(h)i 1-x

1
= (2+x) 2(1-x) ~ 2 Putbothinindex form
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1 ( X ) 1 1
=22 Kl+ 3) 2 (1-x) = 2 Expand both using the binomial
expansion
r
|
|
}
1
O L S
— = A 212
FVZIIr e ) T T e (2
|
|
|
|
L
1T ( )
| | |
| | |
| | |
11 3 || | |
DD e (1) ]
3! 2 T2 -
L2 R R
| | |
| | |
| | |
| | |
1L \ )
|

+
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_ ( i, Lo, 1.3 A 1 .3,
= N2 14 gx- X L 1 ox et
>34 1 Multip
1o X T ultiply out
[
ol 1 143, 32, 5.3 SR
SN2 11 LHox X )Xl gxs
| \
|
)
3 5 1 ( 1 3 5 \
2.2 = =2 = 2.2 =
g X~ + 16x3+ J 35X \1+ SX+ gXo+ 16x:"’+ )
1 ( 1 3 5 3 ]
=~ .3 = 2.2 -3
+ 5gX K1+ SX+ Xt + X0+ ) S
(
1 3 5 1 1 3 1 1
_ e 252, 2 2 22, 23 =2 _ =3
‘V2L1+2X+ 8X+16X3+ R 8X+32X3 32X T Xt
L 3
e+ ... | Collectlike terms
)
3 15 51 _
=2 <1+ X X et ) Multiply by 2
32 15+ 2 5 512

= N2+ X+ T X+ T

valid if | X;} <land | x| <1 = |x| <1forboth to be valid

© Pearson Education Ltd 20
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The binomial expansion
Exercise B, Question 2

Question:

. L 3+ 2x-% .
Prove that ifx is sufficiently small;—,— — may be approximated f)y +

11

5 - L .
X~ 6_4XZ' What does ‘sufficiently small’ mean in this question?

Solution:

— 2
3+42_XXX - (3+2x—x2) (4-x) ~1 Write4fxas (4x) ~1
= (3+2x—x2) [4 (1—%) }"1 Take out a factor of 4
= (3+2x—x2)%(1—xz} -1 Expand( 1—%} ~ 1 using the
binomial expansion
I I I SR O R E D Wa D

( /A U A oL

1
}2+ ... | Ignore terms higher tha¢
2

= <3+2x—x2)%(1+%+)1(—6+ ) Multiply expansion by
i
4
_ ! 2 ) (1, x ¥ ) :
- \3+2(_X ) \4+ 16+ 64+ .. j |\/|u|tlp|yl’eSU|tby
(3+2X-x2)
=3 (Z+-%-+%i+ N )-+& (Z+'%4-%1+ . } — X2 L
1,0x % )
4t 6t et |
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_ 3 3 32,1 1 12
T4 T X T X T X T gX T X T
bigger than?

3 11 5 2
= 7t eX— 5iX

4 16 64

Page2 of 2

faisal.rana@biochemtuition.com

Ignore any terms

Expansion is valid if! _TX } <l= |x| <4

© Pearson Education Ltd 20
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The binomial expansion
Exercise B, Question 3

Question:

Find the first four terms in the expansion|of\ ( 4y . By substituting« = %

find a fraction that is an approximation 135. By comparing this to the exact
value, state the degree of accuracy of your approxim

Solution:
1
[ (4-x) = (4-x) 2
X 1
=[4(1-7) 12
1 1
=47 (1-7) 2
1 x () (-3 x (2) (- 3y (-2,
=2[1+ (=) (-=) + 2 (- >)2%2+ "2 2 2
2 4 4
2! 31
X
(- 7)) 3%+ ]
_ _x 2 3
=2(1 8 128 1024 )
4 64 512
] X
Vahdfor} —Z} <1l = |x]| <4

1 1 1
- (=) ?2 (=)3
(42 o0 °
k4_9)‘2‘4' 64 512
35 _ 1 1 1
9 ~ 2 - 36 5184 373248
V35 736055
3 T 373248

3= 736055 _ 736055
35= 3 X 373048 = 124416

= 5.916079} 925
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By calculator ¥ 35 = 5.91607¢ | 783
Fraction accurate to 6 decimal pla
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The binomial expansion
Exercise B, Question 4

Question:

The expansion of &+ bx) ~ 2 may be approximated biy
the values of the constara, b andc.

Solution:

[a(1l+ b—X) ] =2 Take out a factor af
a

(a+bx) ~2

_ bx | -
a 2(1+;X) 2

1 Xy -2
2 (1+77)

1 bx (-2)(-3) , bx
= S[1+(-2) (7)) + (2

1 2bx 3b2x2

) 2+

+

a2 ad at
1 1 5
Compare this tg, +7Xx+cx
. 1
Comparing constant terms: 2 7
> a’=4 (V)
= a= *2
C : . -2p _ 1
omparing terms ix; R
a3
= b= —3 Substitute &= + 2
+2) 3
o~ p= (_8)
= b=z+1

Compare terms ir?:

312
c= —
a4

3x1
16

= C=

Substitute 4= 16,b% =1

1 .
X+ cx2. Find
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_ 3

3
Hencea= +2,b+t1,c= 16
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The binomial expansion
Exercise C, Question 1

Question:

as partial fractions.

8x +
(@) Express(l_x) (2+%)

8x+ 4
=-X) (2+x)

(b) Hence or otherwise expaufufL

the term inx2.

in ascending powers afas far a:

(c) State the set of valuesx for which the expansion is val
Solution:

8x+ 4 A B _ A(2+x) +B(1-Xx)

@Let T 20 = (10 T (250 = (1-x) (2+x)

Set the numerators equal: x84=A(2+x) +B(1-X)
Substitutex=1: 8x1+4=Ax3+Bx0

> 12=3A
= A=4
Substitutex= - 2: 8x ( -2) +4=Ax0+Bx3
= -12=3B
= B= -4

8x + 4 B 4 4
Hence" 150 2+x) = (1-x) — (2+x)

4 _ -1
(b) (1-x) —4(1_)()

TN
=4ttt

(-1) (-2) (-x)?
21 +

o) s

L 1

=4(1+x+X2+  ..)
= 4 + Ix + 4X° +

=4(2+x) 1!

(2+x)
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[ o x )V ] -1
= + —
42tz
_ 1 ( X\ -1
=4 x2 \1+ 2
_ 100 ( Yox ) (-1) (=2) ( x)
SRR T U B U2 B TR W
2, ]
©
o[ x X \
—2 k 1_ 2 + 4 + . )
=2-X+ %x2+
Therefore
8x + 4 B 4 4
(1-x) (2+x) — (1-x)  (2+x)
( 2 A ( 1o )
= + 4x + + - —X+ TX+
\4 4X + 4x ) KZ X+ X )
75
=2+ 5+ B3

4
(c) (1-%) is valid for |x| <1

4
(2+X)isvalidfor x| <2
Both are valid whe | x| <1

© Pearson Education Ltd 20
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The binomial expansion
Exercise C, Question 2

Question:

(@) Expres(z_%zx)2 as a partial fraction.
+ X

b) Hence prove that—=—can be expressed in the form—10<+ BxZ + Cx°
(2 ) 2 2
+ X

where constant® andC are to be determined.

(c) State the set of valuesx for which the expansion is val

Solution:

-2x A B _ A(2+x) +B

Let——— = + =
(@) Le (2+x) 2 (2¥X) (242 (2+x) 2

Set the numerators equal: x2A(2+x) +B
Substitutex= -2: 4=Ax0+B = B=4
Equate terms ir: -2=A => A= -2
Hence——2— = ——— 4+ — 4 _

(2+X)2_ (2+x) (2+X)2

2 -1
b)) 5+ = —2(2+x)

IR b I '}

= 2L2\1+2}J

:—2x2_1x <1+x5)_1

r ( \ X (-1)(-2) X

:-1x|L1+|\-1)|(;)+ (5 )2
(“1)(=2)(=3) (x )3, 1|

3! L2 ) .J

X X2 X
:—1x(1—3+z—§+ )
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_ x ® x
=-l+5 -G+t
4 _ 2
=4 (2+
2 o) 2 (2 +x)
I S I
=42 1rve )
=4 x 2 2x (1+XE) -2
[ ( ) £
(=2)(=3) (x5
=1x | 1+ | -2 | S5+ Y > +
] \ ) L2 ) ! \ 2 )
(=2)(=3)(=4) (x V3, 7|
31 L2 )
]
K 3
:1x(1—x+7—;+ )
_ 2
=l=x+ -
Hence
- 2x —2 4
(2+x) 2 (2FX) © (24y) 2
X2 x3 3% x3
=l g oA rloxs -
_ 1 1, 3
=0 - X+ X - 8x3
1 - 5 3 -
HenceB = 7 , (coefficient ox?) andC = - 3, (coefficients of<3)

(c) (2+x) is valid for |[x| <2

—2 —isvalid for |x| <2
(2+x)

Hence whole expressionisve | x| <2

© Pearson Education Ltd 20
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The binomial expansion
Exercise C, Question 3

Question:

6 + 7x+ 5x° _ _
(1+%) (1L-x) (2+x) as a partial fraction.

(a) Express

_ . 6+ 7x+5% _ _
(b) Hence or otherwise expand S 1 -x) (2+x) N ascending powers af
as far as
the term inc,

(c) State the set of valuesx for which the expansion is val
Solution:

6 + 7x+ 5X° A B C

@Let T (1-x) (2+x) = (1+x) T (1-x) T (2+%

A(l-x) (2+x) +B(1+x) (2+x) +C(1+x) (1-x)
(1+x) (1-x) (2+x)

Set the numerators equal:

6+ Tx+5x°=A (1—x) (2+x) +B (1+x) (2+x

(1+x)(1—x)
Substitutex = 1: 6+7+5=Ax0+Bx2x3+Cx0

= 18=6B

= B=3

Substitutex = — 1: 6-7+5=Ax2x1+Bx0+Cx0

= 4=2A

= A=2

Substitutex = — 2: 6-14+20-Ax0+Bx0+Cx ( —-1) x3
> 12= -3

= C= -4

+C

N—
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6 + 7X + 5% B 2 3 4
Hence ) (1-x) (2+x) = (1+x) ¥ (1-0 = (2+x)

2 -1
(b) T+x =2(1+x)
I ( YO _ Z 23 (x
P R e 1szn)2+
L \ ) U ) '

(-1)(-2)(-3) ()3 |
3! + |
|
=2(1-x+x%-x3+ ..)
= 2-x+2¢-23  Validfor [x] <1
—~ =3(1-x) 1
[ ( A\ A C1) (=2 ( oy 2
=3|1+\—1\|—x\+( )(2!)(X)+
L \ )\ )
(-1) (-2)(-3) (-x)° |
31 + |
|
=3(1+x+X2+x3+  ...)
= 3+ 3x+3¢+3C  Validfor |[x]| <1
T —4(2+x) 71
I I xY 1 -1
_4L2\1+2)J
=4x2 1x (1+XE)_1
[ ( Ve
_ x (1) (=2) (x>
A U A A TR U
(-1)(=2)(-3) ( x )3 }
31 L2 ) F
|
(o x 2 ¥ )
_2\1_2+4_8+ }
23
= 2-x+ 7 - 7 Valdfor [x| <2
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Hence
6 + 7x+ 5% 3 2 3 4
(1+x) (1-x) (2+x) — (1+x) * (1-x) _ (2+x)

= |2—2<+2x2—2x3 | + \3+3<+3x2+3x3 |
\ ) \ )

(ke 22

w

2
=2 +3-2-2x+3X+X+ 2%+ 3% -
2
X——2x3+3x3+§

2

9, 5
=3+ X+ X+ X

(c) All expansions are valid whe | x| < 1.

© Pearson Education Ltd 20
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The binomial expansion
Exercise D, Question 1

Question:

Find binomial expansions of the following in ascending powersagffar as the
term inx3. State the set of valuesxfor which the expansion is valid.

@ (1-4«)3

(b)q (16 +x)

©

COF e

4

O

1+x

0 7o

@122

X—-3
(h) (1-x) (1-2)

Solution:

@ (1-4%) 3 Use binomial expansion withn3 andx = — 4x
1 (a) [ ca) e RGN,

) (2) (31,) (—%) 7 As n = 3 expansion is finite
and exact

=1-1X+ 482 -64¢  Valid for all x
(b) ‘{ 16 +x  Write in index form

1
= (16 +x) 2 Take out a factor of 16
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I x ) ]2
- I_ 16 K 1 6) J 2
a4 X2 N L _ X
=162 L 1+ 3¢ )2 Use binomial expansion with= Zand x= ¢
[ 1 1 1 1 3
| L (E)(_E) (E)(_E)(_E)
| 2\ 16 ) ! \ 16 ) ! L
L
W
X V3
6 ) T I
]
A x X X \ .
=4 | 1+ 35 = Zoas T oosae * ) Multiply by 4

X2 x3

X
=4+ 5“5t Tezma t

| x

Validfor| 16I <l = |x| <16

1 L
() T-x  Write in index form

= (1-2x) ~1  Use binomial expansion with= - 1 andx = - 2x

( Y[ 3 SV (22 ( —x) 2
=1+ | -1 ]| omx |+ R
\ ) )
(-1)(-2)(-3)(-%)3
31 +

=1+ 2X+4C+8CH+
1
Validfor [ x| <1 = |x]| <3

4
(d) 7% Write in index form

=4(2+X) ~1 Take outa factor of 2
(.30 1 -1
NI

_ 1y (g4 XD -1 inomi ion withm —
=4 x2 % 1+ Use binomial expansion withsn — 1 and

\ 2 )

ol
=4 2
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_ X
X=
[ ( A
(1) (-2) ( 3x \2
=2 1+ | —1|(7\+ Y - +
] k ) L2 ) ! L2 )
(—1)(—2)(—3)(3_X\3 —I
3| K 2 ) + e
]
(,_x 9 2 ) .
=2 \1_ >t — g *t ) Multiply by 2
_ o 2
=2-X+ - T F
: | 3x | 2
Valldfor| 2 | <1l = |[x]| <3

(e) \%( =4 (f4-x) =1 write in index form

1
=4 (4-x) ~ 2 Take outa factor of 4

R I (I S B
“ALttTe) o
_ 1y x ) _ 1 : : : . 1
=4x4 ZKl_ i) 2 Use binomial expansion with= - > and
x= - &
|
1
l' . ) (=3) (=3) .
|
L
i
3 5
(-3) (=3) (-3) ) |
31 (_Z)S“L I
|
|
:2(1+X§+1—32)8x2+ﬁx3+ ) Multiply by 2
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1
Write 75 in index form then expand

4 64 512
VaIidI —%I <1 = |x| <4
e (1+x) (1+2) ~1
( VT ( Y ()
= [ 1+x [ |1+ | -2 1| X | +
\ )L \ ) L)
(=1) (=2)(=3) (x)?3 |
Y +
]
= (1+x) (1-X+9¢-273+ ...)

=1 -3+ 92— 27+ X — 3% + O +

=1 - 2X+6x2- 18+
1

Validfor | X| <1 = |[x]| <3
2
@ [ 15 )%= 5 Wiite in index form
= (1+x) %(1-x) ~2 Expand (1x) ~2
( VT ( A \
= [ 1+x+x2 | |1+ | -2 | -x | +
\ ) L \ )\ )
(=2)(=3)(=-4)(x)? |
3] +
|
= (1+X+X2) (L+X+3+43+  ...)

=1+ X+ +HDC+ X+ AP+ B+ X2+ 23+
terms
=1+ 4K+ 8%+ 123+
Valid for x| <1
A
= (1-x) T (1-2)

_ A(1-2%) +B(1-x)
~ (1-x) (1-2)

X-3
(h) Let (1-x) (1-20

(-1) (-2) (X)?2
21 +

Multiply out
Collect like terms

using binomial expansion
(-2) (=3)(-x)?
+

2!

Multiply out brackets
Collect like

Put in partial fraction form

Add fractions.

Set the numerators equal: x-3=A(1-2) +B(1-x)

Substitute x= 1: 1-3=Ax -1+Bx0

= =-2=-1A
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= A=2
. 1 1 1
Substitutex = 3 > —3=Ax0+Bx 3
1 1
> =2 > = 2B
> B=-5
X—3 _ 2 5
Hence 1 - (120 = (1-x) ~ (1-2)
T0 =2(1-x) -1

_ _ _ (-1)(-2)(-x)?
=2[1+ (-1) (-x) + Y +

- _ _ ) 3
(D (=2)(=8)(=x) ", ]
3!

=2(1+x+X+x3+  ...)
= 2+ x+ 2%+ 23
_ _ -1

120 =5(1-%)

— — _ 2
=5[1+ (-1) ( -X%) + ( 1)(22')( x)°
(D=3 =7

3!
=S5 (1+X+82+83C+ ... )
= 5+ 10+ 20 + 40¢
X—3 _ 2 5
Hence" T 55 (1) = (1-x) ~ (1-%)

= (2+2xX+ 2@+ 23) - (5+ 10+ 2062 + 40¢)
= -3 -&- 182 -383

2 . :
1 _cisvaldfor [x| <1

1

S . .
1_xisvaldfor |X|] <1 = [x]|] <3

1
Both are valid when | < 3.

© Pearson Education Ltd 20
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The binomial expansion
Exercise D, Question 2

Question:
Find the first four terms of the expansion in ascending powetsfof
(1,02
k l - 2X j 2, |X| < 2
and simplify each coefficier® (adaptec
Solution:
1 1 (3) (-3) (-3x)2

=1+ ( ¢ - =X) + 2 2 2 +
(1_%)() (3) (-3x) a
1 1 3 13
2 (2) (=2) (=3) (=357

3!

=1-gxk (= 5) X (PB) +(35) x (-F)

— i, _ 1o 1.3

=1 xm X X

© Pearson Education Ltd 20
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The binomial expansion
Exercise D, Question 3

Question:

L . 3 . 3
Show that ifx is sufficiently small theqﬁ can be approximated;py -
Ser =22
16% 7 256°
Solution:

3
T =3(V4+x) ~1  write in index form

1
=3(4+x) ~ 2 Take out a factor of 4

X _1
=3[4(1+7) ] 2
1
1 _ 1 e
SALEENCES PR CDFE
3 _1 _3 X2
:Ex[1+(——)(—)+( ) (7)) (07
21
_ = _3 _5 X3
( ) (= 5) (=50 ()7, ]
3!
-3 4_x, 32 - 3
—2(1 s T Xt v ) Multlplyby2
-3 _ 3., 2.2,
=27 %" 256%
- 3_3 2.2 : 2 e
= 57 X T 256X If terms higher tham“ are ignored

© Pearson Education Ltd 20
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The binomial expansion

Exercise D, Question 4

Question:

Given that [ |

1

Pagel of 2

faisal.rana@biochemtuition.com

< 4, find, in ascending powerstip to and including the
term in ¥, the series expansion of:

(@) (4-x) 2
1
) (4-x) 2 (1+2x) O (adapted)
Solution:
1
(@) (4-x) 2 Take out a factor of 4
A A I
= LtutTe) gt
_ 4= x 2 : : : 1 B X
—42\1— )2 Use binomial expansion with= ZSandx= - 7
I
| 1 1 X
(=) (-2) (-75)°2
g (EV(xy o2t Al
- | L2 ) \ 4 ) 2!
|
L
1
1 3 X
(5)(——)(—5)(—2)3 |
31 + I
|
J
(,_x _xX X ) -
:2\1_5_128_1024+ ) Multiply by 2
L, x_ X X
=2- 7 "% "2 *
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1
(b) (4-x) 2 (1+ ) Use answer from part (a)

_ ! x X X A ) -
brackets
_ x X X XX
—2—4—64—512+ . & - > — 3t Collect
like terms
_ 15 3o 17 3
=2+ X X T gpX

© Pearson Education Ltd 20
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The binomial expansion
Exercise D, Question 5

Question:

(a) Find the first four terms of the expansion, in ascending powerobf

(2+3) ~1 |x] <3

(b) Hence or otherwise, find the first four non-zero terms of the expansion, in
ascending powers af of:

1+ 2
=, x| <0

2+ 3x’

Solution:

[, [ 2 I
=LAttt
=271 (1+37X} 1 Use binomial expansion with= - 1 andx =
3x
2
[ ( A
1 (3 ) (=1) (=2) (3 ),
=1+ ] -1 + +
2 2 21 2
] ] p L2 L2 )
(-1)(-2) (=3) (33, 7‘
3! \2) . J
_ iy 8%, %2 23 ) : 1
=3 Kl_ SX+ XE— XA ) Multiply by 7

- | 3| 2
Valldfor| 2 | <1l = |x]| <3

1+x ..
(b) 573, Putinindex form

= (1+x) (2+3x) ~1  Use expansion from part
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_ Y (1 38 9, 2 ) :
= K1+x) 2" Xt gXt - X+ L ) Multiply out
_ 1 3 Sp2_ % 1 32, 2.3 -
= 5 = Xt gXf— X+ oX - Xt + X+ L Collect like
terms

11 3 9

_ = _ = 22 _ =

= 3= WXt X O+
. | 3 | 2

Val|dfor|7‘ <l = |x| <3

© Pearson Education Ltd 20
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The binomial expansion
Exercise D, Question 6

Question:

Find, in ascending powers olup to and including the term if,xhe series
1

expansion of (4 &) ~ 2, giving your coefficients in their simplest fol®

Solution:
N I G S T
(4 +x) 2 = L4K1+2)J 2 Take out factor of 4
_iy xY-2 - 1 _1
=4 2K1+4) 2 4 2—_1—2
42
1 x ) _ 1% : : : . 1 _ X
= 2\1+ i) 2 Use binomial expansion with-n — Jand x= 7
{
_1 _ 2 X2
Y A S A L LA S
‘2I1+\_2)\4)+ 21 +
|
L
}
_1 _3 _ 5 X3
(-35) (-35) (=-3) () |
3 + : I
|
]
_ i 1 . 32 5 3 )
=2 17Xt X Xt )

1 1 3 _5 3
> 7 16X 7T 256X T 2048

vmdmr|§|<1 > x| <4

I
|

© Pearson Education Ltd 20
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The binomial expansion
Exercise D, Question 7

Question:

f(x) = (1+3) ~% x| <3.

(a) Expand %) in ascending powers @fup to and including the term i,

(b) Hence show that, for smadl

1+X~ _ 2
o =1 20+ 6x2 - 18¢,

(c) Taking a suitable value far which should be stated, use the series
expansion

in part (b) to find an approximate value f%*; , giving your answer to 5

decimal place:e

Solution:
(@ (1+X) -1  Use binomial expansion with= — 1 andx = 3x
[ \\ ( \ -1 -2 X 2
:1+|_1|‘3(‘+( )(2!)()+
\ J U
(-1) (=2)(=3)(39°
3 +

=1- X+ -27C +

1+X ( \ -1 .
b)) To3x = L 1+x ) (1+3X) Use expansion from part (a)

= (1+x) (1-X+9%-2%3+ ...)  Multiply out
=1-X+9% -2 +x-3%+93+ ...  Collectlike terms
=1-2X+6x2-183+ ..  Ignore terms greater than

1
Hencer——= ~ 1 - 2x + 6x% — 183

1+ 3%

(c) Substitute< = 0.01 into both sides of the above
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1+0.01
Tiaxooi- 1-2x001+6x0.01-18x0.0F

1
10z — 1-0.02+0.0006 - 0.000018 ,

o
[

[ 101 _ 101 ]
| 1.03 7 103 |

101
Tos — 0.980582 Round to 5 d.p.

101 _
os = 0.98058  (5d.p.)

© Pearson Education Ltd 20
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The binomial expansion
Exercise D, Question 8

Question:

Obtain the first four non-zero terms in the expansion, in ascending powers of

of the function fK) where f (x) = ;, <10

[ (1+32)

Solution:

1:(X) - \|1j3x2: (m) o

1
(1+3¢) ~ 2 Use binomial expansion with= - % andx = 3%

1 (- =) (-2 (39)2
=1+ (-3) (3%) + 2 2 +

21

R - 2y 3
(=3) (=3) (-3) (3%

3!

2 6
~1_3i+27x4_135<

B 2 8 16

Valid for |3x%| <1

© Pearson Education Ltd 20
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The binomial expansion
Exercise D, Question 9

Question:

1

Pagel of 1

faisal.rana@biochemtuition.com

Give the binomial expansion of ( 1)) 2up to and including the term .

By substitutingx = %, find the fraction that is an approximation t05.

Solution:

Using binomial expansion

1 (2) (-2) (x)2
=1+(E)(X)+ 2 2 +

2!

N 3
(3) (=35) (=35) ()7

3!
~ i, _ 12 1
=l Xt
Expansionis valid if x| < 1.

1
Substitutingk = 7in both sides of expansion gives

( 1y 1 1.1 1 (1Y, 1. (13
R I AT S U TS O
(5)21_ i1 1 [ (5)Y2_|5]
L4 )2~ 1+ %5~ 17 Tos | L4 )27 Y4 |
5_ 1 [[5_ s _ Vs ]

4~ 1024 | 4T HaT 2 |

\5 1145 _ .

> = Toxa Multiply both sides by 2

V5= ==

512
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The binomial expansion
Exercise D, Question 10

Question:

When (1 +ax) "is expanded as a series in ascending poweqstioé
coefficients ofx andx? are - 6 and 27 respectively.

(a) Find the values @ andn.

(b) Find the coefficient of.

(c) State the values x for which the expansion is val@
Solution:

(a) Using binomial expansion
( \ n(n-1) (ax) 2 s

(1+ax)”:1+n\ax)+ Y
n(n-1) (n-2) (ax) 3
31 +
If coefficient ofxis —6then na= -6 ©
-1 2
If coefficient ofx? is 27 then % =27 ®

6 . )
From ©® a= PR Substitute IM@:

n(n-1) [ —6\2_

n(n-1) N 36 _
2 nz_

(n-1)18 _

— . =27

(n-1)18=2n

18n - 18 =2"n

- 18 ="

n= -2

Substituten = - 2 back in®: -2a= -6 = a=3

27

(b) Coefficient ofx is
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n(n-1) (n-2)a® (-2)x(-3)x(-4)x3
3! - 3x2x1 = - 108

1
© (1+X) ~Zisvalidif |X| <1 = |x| <3
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Solutionbank
Edexcel AS and A Level Modular Mathematics

The binomial expansion
Exercise D, Question 11

Question:

9x2 + 26x + 20 tial fracti
as a partial fraction.
(1+x) (2+x) 2 P

(a) Express

9x2 + 26x + 20

(b) Hence or otherwise show that the expansiorrot >in ascending

(1+x) (2+x)

powers of xxan be approximated to 5 %X BxZ + Cx3 where BandC are

constants to be found.

(c) State the set of valuesx for which this expansion is val
Solution:

Ox2 + 26x + 20 A B C
(a)Let(1+x)(2+x)ZE (1+x) * (2+X) - (2 +x) 2
9x2 + 26x + 20 A(2+x) 2+B(1+x) (2+x) +C(1+x)
(1+><)(2+x)ZE (1+x) (2+x) 2

Set the numerators equal:
X2+ 26x +20=A(2+Xx) 2+B(1+x) (2+x) +C(1+x)
Substitute = - 2: 36-52+20-Ax0+Bx0+Cx ( —1)

> 4= -1C
> C= -4
Substitutex = - 1: 9-26+20=Ax1+Bx0+Cx0
> 3=1A
= A=3
Equate terms iRz  9=A+B
= 9=3+B
> B=6
%2 + 26X + 20 3 6 4
Hence(1+x)(2+x)ZE (1+x) T (2+x) (2+x) 2

(b) Using binomial expansi
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_ -1
(1+x) =3(1+x)

(-1) (-2) (x) %
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- - _ 3
(=1) (=2) (=3) x) ° ]

=3[1+ (-1) (x) + ;

=3(1-x+X¥-x3+ ..)
=3-H+3C-3+

ax) =6(2+x) 1
=6[2(1+5) ] 1
— -1 Xy -1
=6x2"+(1+ 2)

=6x 3 [1+ (-1) (§5) +——7,

+ L)

(21x) =4(2+x) =2

:4[2(1+§) ] ~2
:4><2_2x(]_+xz)_2

1 X
=4x o x[1+(-2)(5) +
S+ ]
=1x(1—x+%x2—%x3+ )
-1 _ 3p2_1
=1-x+ 7x 2><3+

Hence
9x2 + 26x + 20 3 6
(1+x) (2+x) 2 (1+x) (2+x)

(

3x

—_—

3 1
sz— §x3 |
J

3x

I

2 4

(-1) (-2)
(3)2-" 31

(-2) (=-3) , X
21

)

|
3—&+32—m3i+ (3—;—+

)

3!

(-1)(-2)(—3)(i)
2

X

(-2)(-=-3)(-4) X
(5) 2+ T (5

_ 4
(2+x) 2

(
3.3)
8X3 ) L

3.2

22X - 1-x+

3 3 3 1
3—3x+$@—$@+3—‘—+'mz—gﬁ—l+x—;yz+Eﬁ
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-23
HenceB = 3 andC = 8

3

(c)mis validif |x| <1
6

misvalid if x| <2

—2 __isvalidif [x| <2
(2+x) 2

Therefore, theall become valid i | x| <1
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