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Exercise A, Question 1

Question:
Differentiate:
@ (1+2) 4

) (3-22) ~°

1
2

© (3 +4x)

@ (6x+x*) ’

1
O 3+ 2x

mﬂ?—x

@4 (2+8&) 4

m3(8-x) ~°
Solution:

@ Letu =1+ 2 theny = u*
du _ dy _ 3
x =2 and 47 =4
Using the chain rule,

dy dy du 4 a3 3
dx_duxdx_4u x2=8=8(1+X%)

(b) Letu=3 - 2% theny=u~°
du dy — 6
x - ~4& and G, = —-bu

Using the chain rule,

dy dy du _ -6 _ -6 _ 2y -6
x - du X ax - x —4x = 20xu =20x (3 - 2x°)
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1
2

(c) Letu =3 + 4x, theny =u
&:4 and Ezzu"

Using the chain rule,
dy dy du 1 1
2

___X____

dx ~ du dx 2

) Letu = 6x + x2, theny = u’
du _ dy _ -6
X =06t X and 4, =1

Using the chain rule,

dy dy du
o= du X ax =WOx (6+2X) =7(6+X) (6x+x*) O

1

(e Letu=3+ 2 theny= — =u~1

du d

=2 and o = -u"?

Using the chain rule,

dy dy  du _ -2 _ 2 _ -2

dx — du X dax - ~U x2=-2A - (3+2x) 2
1

H Letu=7 —x, theny=u2

du _ dy _1 2

x - "1 and 5 =3uU >

Using the chain rule,

dy _ gy odu 1 _ 1 _ 1 &

dx — du < dx — 2U 2x —1= 2(7_X) 2

(@) Letu = 2 + &, theny = 4u*
du dy 3
x = and 4, =16
Using the chain rule,

dy dy du 3 _ 3
ix = du X o =1arx8=128(2+ &)

(hy Letu=8 - x, theny = 3u~©

du _ dy _ -7
dx——l and du——la
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Using the chain rul

dy _dy du _ -7 _ -7
x = du X = " la fx -1=18(8-x)
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Exercise A, Question 2

Question:
Given thaty = find the value 0& at( 11
(4x+1) 2 dx 4 4 )

Solution:
Letu=4x+ 1, theny = u~ 2
du _ dy _ -3
dx =4 du — -

d _ -8

- = - 3: _—

dx S (4x+1)3

1 dy

Whenx= 7, = -1
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Exercise A, Question 3

Question:

Given thaty = (5 - 2x) 2find the value ofg—i: at (1, 27).

Solution:

Letu=5 - 2, theny = u®
du dy

— _ _ 2L _ a2
dx — 2 du_a'l

d
L= _gP= -6(5-X) 2

X
_. Yy
Whenx = 1, X = - 54
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Exercise A, Question 4

Question:

Find the value oﬂ% at the point (8, 2) on the curve with equag'r%r—r:i?y = X.

Solution:

X=3y" -2y

ax _

dy—6y—2

dy _1

dx = 6y-2

At (8, 2) the value of is 2.
dy 1 _ 1
dx ~— 12-27 10
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Exercise A, Question 5

Question:

Find the value oﬂ% at the poin& —? : ;1 on the curve with equation

1 1
2+y 2=X
Solution:
1 1
X=y2+y 2
o 1 1 1 _ 3
dy — 2¥ 27 3%Y =2
dy 1
dx 1 1 1 38
2y 2‘2)/ 2

At the point ( 2% : 4} the value ¢fis 4.

dy 1 1

_X:1 1 1 3
5(4)'2-5(4)'2

N
|
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Exercise B, Question 1

Question:

Differentiate:
@x(1+3x) >
B 2x(1+3°) 3
© X (2x+6) 4

@3x2 (5x-1) ~1
Solution:
@Lety=x(1+3) °
Letu=xandv= (1+3) >
d d
Thend—i :1anqﬁ =5x3(1+Ad * (using the chain rule)

Now use the product ru
dy dv du

ax ~UYax tVix
d
L =xx15(1+X) 44 (1+X) Ox1
= (1+3) #(15x+ 1+ )
= (1+3) 4(1+1%)
by Lety=2x (1 + %) 3
Letu=2xandv= (1+3?%) 3
d_U_ dv _ 2 2
Then, =2and, =D18(1+3x")

Using the product rule,
dy dv du

ax ~Yax TV
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d
L =2xx 18x(1+38) 2+2(1+3R) 3

(1+3¢) 2 [36x%3+2(1+3%) ]
(1+3%) 2(428+2)
=2(1+32) 2(1+21¥)

©Lety=x3(2x+6) 4
Letu=x3andv= (2x+6) 4

du dv
Theny, =3%andy =8(X+6) 3

Using the product rule,
dy _odvodu
ax — Yax TV

d
Lo =3x8 (X+6) 3+ (2x+6) 4x 32

=x2(2x+6) 3[8x+3(X+6) ]
=x2(2x+6) 3(14x+ 18)
=22 (2x+6)3(7x+9)

@ Lety=3x2 (5x-1) ~1
Letu=3x2andv= (5x-1) ~1

du _ av _ -2
Then =&andy, = -5(%-1)

Using the product rule,
dy dv du

ax ~Yax TV

d
L4 =3@x —5(5x-1) ~2+ (5x-1) ~1x6x

-158 (5x-1) “2+6x(5x-1) ~1
3x(5x—-1) “2[ -5x+2(5x-1) ]
=3x(5x-2) (5x-1) ~?2
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Exercise B, Question 2

Question:

(a) Find the value oﬂ% at the point (1, 8) on the curve with equ&tire)m2

(3x-1) 3.

(b) Find the value oﬂ% at the point (4, 36) on the curve with equgtroix

1
2.

(2x+1)

(c) Find the value oﬂ% at the poir& 2% ) on the curve with equatien
(x-1) (2x+1) ~1L
Solution:

@y=x2(3x-1)3
Letu=x%,v= (3x-1)3

d d
Thent =% — =9 (X-1) 2

EI v dx

dy dv du .
Use the product rulg - &~ +Vv 4 togive

dy
o SXOX9(X-1) %+ (3x-1)3xX

=x(3x-1)2[9x+2(3x-1) ]
=x(3x-1)2(15x-2) *
At the point (1, 8)x = 1.
Substitutex = 1 into the expression *.

d
Theng: =1x #x 13 =52

1
by=3x(2x+1) 2
1
Letu=3xandv= (2x+1) 2

1
2

du dv 1 _ _ 1
Theny =3and, =, x2(2+1) = (2x+1) 2
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dy dv du .
Use the product rulg: &5 +V 3 togive

1
2

dy 1
= =X (2X+1) T 2+3(Xx+1)

1
2

=3(x+1) 2[x+ (2x+1) ]

1

=3(3X+1) (x+1) ~ 2 *
At the point (4, 36)x = 4.
Substitutex = 4 into *.

1
2

d 1
Theny: =3x13x9 2=3x13x 5 =13

@y= (x-1) (x+1) ~1
Letu=x-landv= (2x+1) ~1

d_u dv -2
Theny =land, = -2(02+1)

dy dv du .
Use the product rulg - &~ +Vv 4 togive

d
o= -2(x-1) (x+1) ~2+ (x+1) “1x1

= (2x+1) 2[ -2x+2+ (2x+1) ]
=3(x+1) ~2 ~*
Atthepoint( 2 I X=2.
L ='5)
Substitutex = 2 into *

dy _ 2_ 3
Thendx =3x5 “= 5
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Exercise B, Question 3

Question:

Find the points where the gradient is zero on the curve with eqyation

( A
(x—2)2\2x+3).

Solution:

y=(x=-2)2(2x+3)
u= (x-2)2%andv= (2x+3)

u_,f Vg
x = \x—zjanddx =2

dy dv du )
Use the product rulg: & +Vv 4 togive

dy 2
o= (Xx=2)x2+2(x-2) (X%+3)

=2(x-2) [ (x-2) +2x+3]
=2(x-2) (Xx+1)

d
When the gradient is zergf =0
S2(x=2) (Xx+1) =0
1
SoX=20rx= - 3
Substitute values forintoy = (x—-2) 2(2x+3) :
1 19
Whenx =2,y =0; whenx= - 3,y=125.

1 19
So points of zero gradient are (2, 0) aEud 3~ ;;2)
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Exercise C, Question 1

Question:
Differentiate:

5x
@ Xx+1

2X
(b) 3X-2

X+ 3
© 2+ 1

3x2

@ (2x-1) 2

6X

© -

(5x+3) 2
Solution:

(@ Letu=5xandv=x+1
du dv

. —=5and_ =1

dx dx

Use the quotient rule
Jdu dv

d_l' 'IE ”F

& F

to give

dy  (x+1) x5-5Kx1 _ 5
dx ~ (x+1) 2 - (x+1) 2

(b) Letu = 2xandv = 3x— 2

oo du & _
Use the quotient rule
dw dv
d__l 'IE ”E
dx v
to give
dy _ (3x-2) x2-Xx3 _ ex-4-6& _ —4

dx (3x-2) 2 (3x-2)2 (3x-2)2
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cLetu=x+3andv=2x+1

oodu av o _

Use the quotient rule
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dv 1'%—::%
dy v
to give
dy  (2x+1) x1- (x+3) x2 _ 2X+1-X-6 _ -5
dx (2x+1) 2 T (x+1)2  (2x+1) 2
@ Letu=3x%andv= (2x-1) 2
. du av ( )
. 3 = Bxandy, :4K 2x—1)
Use the quotient rule
dv 1'%—::%
dx vt
to give
dy  (2x-1)2x6x-3Ex4(x-1)
dx (2x-1) 4
_oex(2x-1) [ (2x-1) - X]
B (2x-1) 4
_ - 6X
~ (2x-1)3

1
e) Letu=6xandv= (5x+3) 2

du dv 5

1
o —fand - =75 (5% 3) 2
Use the quotient rule

dv 1'%—::%
dr W
to give

1 5 1
(5x+3) 3 x6-6x — (5x+3) ~ 3
dy _ 2
dx

1
[(5x+3) 217

3(x+3) ~ %[2(5x+3) - 5]

(5x+3)
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1
3(5+3) ~ 5 (10x+6 - 5)

(5x+3)

3(5x+6)

3
(5x+3) 3
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Exercise C, Question 2

Question:

( 1) X
)

. y ) 1 . )
Find the value oﬂ; at the pom{ 13 on the curve with equateng .

Solution:

Letu=xandv=3x+1

ooQu o _

Use the quotient rule
du dv
—H

dy VE—d%
E= 2
to give
dy  (3x+1) x1-xx3 _ 1 N
dx (3x+1)2  (3x+1)2
( 1)

At the point L 1,7 ) X = 1. Substitutex = 1 into *.

dy 1
ThendX =16
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Exercise C, Question 3

Question:

Find the value o% at the point (12, 3) on the curve with equatironL?’l.

(2x+1) 3
Solution:
1
Letu=x+3andv= (2x+1) 2
o du av !
o S land s = (2% 1) 2

Use the quotient rule
du dv

E=1IE_”E
dr W
to give

1 1
dy (x+1) 2 x1- (x+3) (Xx+1) " 3
dx ~ (2X+l) +1

(2x+1 '%[ (2x+1) - (x+3) ]

(2x+1) *1

3
= (2x+1) ~2(x-2)
At the point (12, 3)x =12 and

dy _ 3 10 2
o = (25) " 2(10) =2 =%
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Exercise D, Question 1
Question:
Differentiate:
(@) e2x
bye” 6X

(C)ex+3

2
(d) 43X
(e)9e3 ~X

(f) xe2X

@ (x>+3) e X
2
) (3x-5) €&
i) 2x%el T
O (9x-1) ¥
Ohew
eZX

eX2
U

e

(M) x+1

e~ X

(M \x+1
Solution:

(a) Lety = ezx, theny = & wheret = 2x

- a _
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By the chain rul
d d dt
e R L

ax dt
(b) Lety = e ~ &
d
ify=ef (¥) thengr = (x) e ()
Letf(x) = —-6xthenf(x) = -6
d
" %: - 6e” &
(© Lety =eX*3

Letf(x) =x+3,thenf(x) =1
d
If y = ef (X) then% =f(x) ef (X)

A +3_ x+3

— 3x2
d) Lety = 4e
Letf(x) =33 thenf (x) = 6x

dy 2 2
L g =4 x 6% =24

() Lety = 9e3 ~X
Letf(x) =3-xthenf(x) = -1

A -X = 3-
L =9x —1xe X= —9ged X

M Lety = xe
Let u = x andv = e
du dv

" &:1and& = 2&

Use product formula.

d

y
o =xx2e¥+eXx1=eX(2x+1)

(@Lety= (x*+3) e *

Letu=x2+3andv=e "X
du dv

.= _ - _ _gX
- —2xanddx = —-e€

Use product formula.

d
2= (X+3) (—e7X) +e Xx2x= —e X(x2-2x+3)
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2
(hyLety= (3x-5) €&

2
Letu=3x- 5andv-eX

du 2

" &-3and— = 2r¥

Use product formula.
X2 X2 2 ( \
—= = (3x-5) x2eX +eX x3=¢ k6x2—10x+3j

() Lety = 2xel *X
Letu = 2% andv = el * X

e —8x3and— =g X
Use product formula.
d
—i =2¢el X+ el txx a3 =231 *X(x+4)

) Lety= (9x-1) e
Letu = 9x - 1 andv = e3X
du dv
. 3 =9andy =3&
Use product formula.
= = (9x-1) x36*+e¥x9=3e*(9x+2)

k) Let = X
(K) y o2

Letu = x andv = e

du
> —1and& = &

Use quotlent rule

du dv
Y &%

dy v
dy e x 1 —xx 2e*

dx o =e” X (1-2x)
eX2
() Lety = ~
2
Letu = eX andv—x
du 2
o = 2xeX and— =1

dx
Use quotient ruls
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2 2 2
dy  xx2xeX -ex1  eX(2%-1)
dx — XZ - XZ

e
m Lety= 7

Letu=€e‘andv=x+1

du av

Use quotient rule.

dy  (x+1)e&-ex1 xeX
dx (x+1)2 T (x+1)2
e—2x
(n) Lety = X+l
1
Letu=e~ X andv = (x+1) 2

. Gu Cox a1 _ 2
L = —2e andy =35 (X+1) 2
Use quotient rule.
1 1 1
(x+1) 3 (-2e72) —e” X[ =(x+1) ~ 3
d_y_ 2
dx ~ 1

[ (x+1) 73217

1 1 1
[-2(x+1) 2 -3 (x+1) " 2]e” ™

Xx+1

1

%(x+1 TS -4(x+1) -1]e”™ &

Xx+1

- (4x+5)e‘2X

3
2(x+1) 3
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Exercise D, Question 2

Question:

. Pl ([ 1) . .
Find the value of - at the pomg 13 ) on the curve with equation
y=xe %

Solution:

y=xe X

Letu=xandv=e ™ *
du dv _

. —landgy = -€”

Use the product rule to give

d

ﬁ =x( -e™X) +e Xx1l=e " X(1-x)
(4 1)

At (1,5 ). x=1.

dy

dx

© Pearson Education Ltd 20
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Exercise D, Question 3

Question:

Find the value oﬂ% at the point (0, 3) on the curve with equaton( 2x + 3)

e,

Solution:

y= (2x+3) &

Letu = 2x + 3 andv = e**
. g—i:Zand:—z = 28X

Use the product rule.

g_))::(2)(+3)2@2X+e2Xx2:2€2X(2X+3+1) ZZ@X(2X+4)
( )

=4 | x+2 |
\ )

At the point (0, 3)x = 0.
A _
g —4x2=8
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Exercise D, Question 4

Question:

. . 2% . [ 1 1 \\
Find the equation of the tangent to the curwexe<” at the pomt\ > 3 e)
Solution:

y = xe2X
d
o =X ( 22X ) +e? (1)  (From the product rule)
(1 1) 1
At the point L2°2¢) X= 73
ay _ _
x —ete=2e

1 1
The tangentat 7 e) has gradient 2e.

Its equation is
1 ( 1)
y_ 2e:2e\X_ 2)
1
y- ;e=2«-e

1
y=2ex- e
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Exercise D, Question 5

Question:

X
€3

Find the equation of the tangent to the cyrve — —at the point( 3 % e)

g

Solution:
X
es
y= 5
g X ( % ) exg - exg x1
: % = 2 (From the quotient rule)

At the poi [ o) x=
p0|nt\3,3e) x=3.
- e

d e

— :O

dx 9

P ks

1
The tangentat 3 3 e) has gradient O.
Its equation is
1
y- 3e=0(x-3)

_ 1
y= 3€
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Exercise D, Question 6

Question:

Find the coordinates of the turning points on the cyrve@e ~X and
determine whether these points are maximum or minimum g

Solution:

o = X ( —e"x) +e X (2x) =xe " X(2-x) (From the product
rule)
d
At a turning point on the curvgif =0.
xe X(2-x) =0
“Xx=0o0rx=2

Substitute these values:ointo the equatioy = x%e
Whenx=0,y=0

Whenx = 2,y = 4e ~ 2

- X

The turning points are at (0, 0) ar(d 2;43, )

d2
To establish the nature of the points f'r(roé‘

As:—i =xe " X(2-x) =e” X (Zx—x2 )

d2
e X(2-x) + (x-R) (-e ¥) =e X(2-4+x)
(From the product rule)
d2
Whenx = Oﬁ 2>0 .. (0,0)is aminimum point
@_ -2 : ( 4 ) - :
Whenx = 2, e -2e “<0 S K gjlsamammumpomt
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Exercise D, Question 7

Question:

. e Ly
Given thaty = ——, find  ~and o2 simplifying your answers.
Use these answers to find the coordinates of the turning point on the curve with
3X

. € . . . .
equationy = ——,x > 0, and determine the nature of this turning point.

Solution:
e3x
Y= "%
q x(3e%) —e¥x1  (3x-1)e&¥ :
= > = 2 (From the quotient rule)
d2

To determineﬁ use the quotient rule again with

u = 3xe - e3¥andv = x?
dy X2 (9xe®+3e¥-3e¥) - (3 -e¥) (2x)
dé X

_93%e¥ - 6x%e® + 2%

B x*

_ xe¥(9¢-6x+2)

B x*

(9% - 6x+2)

a X3

d
At the turning poinlﬁ =0.

3x-1) e
(xz)e -0

x

SLXE

wlk

e3x

: 1 _ &
Substitutex = 3intoy = .
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e
y= — = 3e
! 1
3
1 : , : :
( 3 ) are the coordinates of the point with zero gradient.

To determine the nature of this point, substitute 3 |nto

dy  eX(9¢-6x+2)

N X3
1B e(1-2+2) _
Whenx = 3,7 = S22 =27e >0
27

\__/

1
So there is aminimum point at ( 3

© Pearson Education Ltd 20


www.biochemtuition.com

Heinemann Solutionbank: Core Maths 2 Pagel of 3

Dr.Faisal Rana www.biochemtuition.com faisal.rana@biochemtuition.com

Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise E, Question 1

Question:

Find the function f( x) where f§) is
@lIn (x+1)

(b) In 2X

©) In 3x

@lIn (5 —-4)

e)3 InXx

® 4 In X

@5In (x+4)

(h) X In X

_Inx
® X+1

GIn (x*-5)
k (3 +x)Inx
() €Xlnx
Solution:

@f(x) =In(x+1)
F(x) =x+1,f"(x) =1

. r 1
S (x) = 1
of(x) =In2x

F(x) =2f"(x) =2

., 2 1
SF(x) == %
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@f(x) =In(5%-4)
f'(x) =

5x-4

@f(x) =5In(x+4)

1 5
f’()() =5 x 4 =

X+4

nf(x) =xInx
Use the product rule with = x andv = Inx.

du _ o dv 1
ThenOIX —1and& =
1
SF(x) =xx T4 Inxkx 1 =1+ Inx
Inx

Of(x) = 351

Use the quotient rule with = Inx andv = x + 1.

du _ 1 dvo_
Thendx —Xandd—x =1

(x+1)(l) -Inxx 1
Cf — X _ X+ 1-xInx
.. (X) - (X+l)2 - X(X+l)2

Of(x) =In (X*-5)
F(x) =x*-5, f'(x) =X
Iff(x) =InF(x) thenf(x) = fFE:))
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Lfr(x) =

Kf(x) = (3+x)Inx
Use the product rule with= 3 + x andv = Inx.

du . dv 1
ThenOIX —1and& =

1 3 +X
SF(x) = (3+x) ¢ +Inx= —— +Inx

nf(x) =¢€Inx
Use the product rule with = € andv = Inx.

d d 1
Thend—z :éandd—i =
1 &

Sfr(x) =eéx T HInxxe=€einx+

X
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Exercise F, Question 1

Question:
Differentiate:

(@) y = Sin
.1
(b)Y =2sin >X

(©Y = 3sirx
@y=sin(x+1)
e)y = Sin&

My = 6sin %x

(@Y = sirx

5

(h)y = Sin>X

Solution:

(@) y = Sin

Ify=sinf(x) ,thenss =f(x) cosf(x) .
Letf(x) =5 thenf(x) =5

dy _
© i = 5cos X

1
(b)Y = 2sin 5X
dy _ ( 1) _ 1
dx—2>< L coszxj = COS X

N -

© Y= 3sir’x =3 (sinx) 2
Letu = sinx, theny = 3u?
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du dy
x - cosxandy; =&

From the chain ruIe
dy _dy du
dx = du X dx
= BUCOSX
= 6 SINXCOSX
=3 ( 2sinxcosx)
= 3sinX

@y=sin(x+1)

Letf(x) =2+1,thenf(x) =2
— =2cos (&x+1)

(e) y = Sin&
— =8cos&

2
My = 6sin 3x

dy 2 2 2
x =6 X 3 COS3X = 4C0S7 3 X

@Y = Sin’x
Let u = sinx, theny =ud
du 2

ix — COSX and

dy
. = 3u?cosx = 3sirf Xcosx

(hyy = sirrx

Letu = sinx, theny =

dU 4

ix = COSX and =

From the chain rule

d d du

X 2y = 5u* x cosx = 5sirft xcosx

dx du dx

© Pearson Education Ltd 20
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Exercise G, Question 1

Question:
Differentiate:

(@) Y= 2COX

(b)Y = COSX

5
Y= 6COSEX

dy=4cos (X+2)
(e) Y= CcOS &K

My = 3cogX

1
QY= 4cos§x

(h)y = 3C0s2x
Solution:

(a) Yy = 2COSX

. dy :
S — 2SInX

(b)Y = COSX

Letu = cosx, theny =u

du : Qb _ 4
X —smxandOIu = 5

5

From the chain rule
dy _ dy  du

= qu X o =utx ((—sinx) = - 5coéxsinx

5
(c)y=6cosgX

ol

5 5
=6 X — 5 SINgXx= — 5sIn =X
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dy=4cos(3x+2)

d
L =4x -3sin(X+2) = —12sin(2+2)
(e) Y= CcOS &K
dy .
i C - 4sin&
My = 3co$X
Letu = cosx, theny = 3u?
du . dy
o = ~Sinxandy; =

From the chain rule

dy _dy du

dx ~ du . dx

6u ( — sinx)

— 6. cosxsinx

— 3 (2sinxcosx)

—3sinx  (From the double angle formula)

1
(@Y =4cos3X

d 1 .1 1

%: ( - Esingx} = —2sin 35X
(h)y = 3C0S X

dy

C =3 ( —2sin2x) = -6sinX

© Pearson Education Ltd 20
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Exercise H, Question 1

Question:
Differentiate:

(@) y= tan X

(b)y = Atarex
cy=tan (x—-1)

d) Y = X2tan %x+ tan ( X — % )
Solution:
(@) y= tan X
. % = 3seé3x
(b)y = AtarPx
Letu = tanx, theny = 4u®
du

du _ dy _ o2
o = seéxandy, =12
From the chain rule
d d d
= o % o =12Pseéx = 12tarfxsedx
cy=tan (x—-1)
d
. % =sel(x-1)
1 1
@)y = x2tan SX +tan ( X= 3 )
1
The first term is a product witlh= x2 andv = tan 2 X

. du dv 1 e%l
. —2xandOIX =75 SetX
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d I 2 (1 ) 1 ] ( 1)
= = Zsed = oX ) +tangxx 2x | +sed =
dx L X (2 ) 2 ] X7 2
1 1)
= Sx°sed x+2xtan 2x+se@ (X" 2 )
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Exercisel, Question 1

Question:
Differentiate
(a) cot &K

(b) Sec X

(c) cosec#
(d) Seé3x

(e) Xcot 3X

seéx

M

(g) COSEE2X

hycot? (2x - 1)

Solution:
(a) Y = cot 4x
Letu = 4x, theny = cotu
du _ dy _
o =4andy, = - coseu
d

. —i = —cose@ux 4= - 4cosetdx (From the chain rule)
(b)Y = sec X
Letu = 5x, theny = seau
du d

dau a _
X 5 and qu - seatanu
dy
xS 5seatanu = 5sec Xtan 5

(c)y = cosec4
Letu = 4x, theny = cose«w
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du d

au _ 9 _
x - 4andy, = - coseecotu
d
. ax = ~4coseaicotu= - 4cosecAcot 4
d)y = sed3x
Letu = sec, theny = u?

du dy _
x = 3sec¥tanXandy; =2
From the chain rule
dy dy ~ du
dx ~ du x dx

= 2u x 3secItan X

= 2secd x 3secXtanX

= 6seé3xtan X

(e) Y= Xcot X
This is a product so use the product formula.
Letu = x andv = cot X

du dv
o = landy = - 3coséx

d
. % =x( —3coseé3x) +cot3x 1= cotX- 3xcoseé3x

seéx

Hy=

This is a quotient so use the quotient rule.

Letu = se@x andv = X
du

dv
x = 2sex (secxtanx) andy =1

dy  x(2seéxtanx) —seéxx1  sedx(2xtanx-1)

X 2 =

X 2

X

() Y = COSEE2X

Letu = cosecg, theny = u®
du _ dy _ .2
x - 2 cosec2cot 2 and o - K]

From the chain ru
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dy
dx

312 ( - 2cosec2got 2x)

— 6.coseé2xcosec 2xot 2x

— 6.cosed2xcot 2x

my=co (2x—-1)

Letu=cot (% —-1) theny= u?

du 2 dy
x = —2cose€(2x-1) andy, =12
From the chain rule

:_i=2u[ —-2coseé(2x-1) ] = —4cot(X-1) coseé(2x-1)

© Pearson Education Ltd 20
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Exercise J, Question 1

Question:

Find the function f( x) where f§) is
(@) Sin X

(b) COS &

(c) tan X

(d) sec K

(e) cOsec &

(f) cot X
L2
(9 sin 7

3x

(h) COS

o

(i) tan 5

: X

() cosecs
1

(k) COt $X

3
() sec

Solution:

@f(x) =sinX
f"(x) =3cosX

o f(XxX) =cos&
f'(x) = —4sn4x
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) f (x) =tarbx
fr(x) =5seé5x

@f(x) =seck
f'(x) =T7secktan¥

e)f(x) =cosecl
f'(x) = —2cosecfcot X

Of(x) =cotX
fr(x) = - 3coseé3x

. 2X
@f(x) =sin—7

2
fr(x) = 35cos7

3X
mf(x) =cos—

3 . 3x
fr(x) = - Zsin=

2X
Ohf(x) =tan7

2 2X

f'(x) = gseé &

Of(x) = cosecxg

1 X X
fr(x) = - 3 cosec; cot;

1
wf(x) = cot 3X

1 1
f'(x) = - 3coseé x

3x

nf(x) =secy,
3 3X 3X
fr(x) = 3sec tamy
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Exercise J, Question 2

Question:

Find the function f( x) where f§) is
(a) SirPx

(b) COSX

© tarfx

1
@) (sex) 2

@ | cotx
(f) coseéx
(g) SIrX
(h) COS™X
(i) tarx

(i) secx
(k) cotx

() cose(*x

Solution:

@f(x) =sirPx= (sinx) 2
f(x) =2 (sinx) lcosx = 2sinxcosx = sin

df(x) =cosx= (cosx) 3
f'(x) =3 (cox) 2( -sinx) = - 3cogxsinx

©f(x) =tarfx= (tanx) 4
fr(x) =4 (tarx) 3(sec®) = 4tar’xsec3x
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@f(x) = (sex) %

|~

1 1

1 1
fr(x) =75 (sex) = 2 xsextanx= 75 (sex) ztanx

N

ef(x) = (cotx) %
x ( —coseéx) = - % (cotx) ~ 2c0sedx

N -

f(x) =5 (cox) ~

®f(x) =coseéx= (cosex) 2

f'(x) =2 (cosex) 1( - cosexcotx) = - 2coseéxcotx
@f(x) = (sinx) 3

fr(x) =3 (sinx) 2cosx = 3sirPxcosx

mf(x) = (cosx) 4

fr(x) =4 (cox) 3( —sinx) = - 4cosSxsinx

»f(x) = (tanx) 2
fr(x) =2tanx x seéx = 2tanxsecX

Of(x) = (sex) 3
f'(x) =3 (sex) 2secxtanx = 3secxtanx

®f(x) = (cotx) 3
fr(x) =3 (cotx) 2( —coseéx) = - 3coseéxcotx

nf(x) = (cosex) #
f'(x) =4 (cosex) 3( — cosexcotx ) = — 4cose*xcotx
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Exercise J, Question 3

Question:
Find the function f( x) where f§) is
(a)X COSX

(b) x¥sec X

tan X
© =

(d) SIrXCcosx

X2

(©) tanx

1 + sinx
COSX

(f)

() €2Xcosx
(h) &secX

_ sin3x

(i) =

() €5sin’x

Solution:

@f(x) =xcosx
f'(x) =x( —sinx) +cosx(1) (Product rule)
= — XSINX + COSX
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o f(x) =x%secX
f'(x) = X2 (3sec&tanXk) +secX(2x) (Product rule)
=xsecX (3xtanXk + 2)

tan 2x
©f(x) = =
X (2sec2x) —tan2x(1) _
f'(x) = > (Quotient rule)

X

2xsed2x — tan 2x

X2

@ f(x) = sirxcosx
fr(x) =sirx( -sinx) +cosx(3sirPxcosx)  (Product rule)
= 3sirfxco$x — sirfx

2

X
(e) f ( X ) - tanx
tanx (2x) - x% ('sedx) _
f'(x) = P (Quotient rule)
_ 2xtanx — x?seéx
B tarx
1 + sinx
nf(x) = COSX
f'(X) - cosx (cosx) — (1+sinx) ( —sinx) (Quotient rule)
cosx

coX + sinx + siréx

cox

o Lcosxrsit) » S (Use codx + sir’x = 1)

cox

1 + sinx

cox

@f(x) =e*cosx

fr(x) =e®( -sinx) +cosx(2e?*)  (Product rule)
= e?X( 2cosx - sinx)

mf (x) =e‘sec3x
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f'(x) =& (3sec&tanXk) +secX(€*) (Product rule)
=e'secX (3tanX + 1)

2 F (X _ sin3X
Mf(x) P
e (3cos3x) - sin3x(e) _
f'(x) = (&) 2 (Quotient rule)

€ ( 3cos 3x- sin3x)
(&) 2

3¢c0S3x— sin3x

et

if(x) =esinx
fr(x) =e&(2sinxcosx) + sirex (e) (Product rule)
= &'sinx ( 2cosx + sinx )

Inx_
(k)f ( X) = tanx
tanx ( xl) —Inx ('secx)
f'(x) = arP (Quotient rule)

tanx — xsecxInx

= o’ (Multiply numerator and denominator by x

sinx

OF(X) = Cox

cosx [ €S x cosx] — eSMX (- sinx)

f'(x) = (Quotient rule)

cox

eSiNX (. cogx + sinx )

cox
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Exercise K, Question 1

Question:
Differentiate with respect tai
(@) Inx?

(b) X2 sin 3
[E]
Solution:

@y=Inxc=2Inx (This uses properties of logs)

gy 1_2

©odx =2x X X
Alter native method

dy fr(x) .

Wheny =Inf(x) , 5 = f(x) (From the chain rule)
a2 d _ 2x _ 2

Ly=inxs = o= == %

X
2

(b) Yy = X“SIn X

d
d_i =x%(3cosX) +sin(2x) (Product rule)

= 3x2cos3x + 2xsin 3x

© Pearson Education Ltd 20
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Exercise K, Question 2

Question:

Given that

f(x) =3- 7 +In=>,x>0
findf'(x) .

[E]

Solution:

f(x) =3- 7 +1n
fr(x) =0- 5 +

© Pearson Education Ltd 20
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Exercise K, Question 3

Question:

: : d .
Given that = x — sinxcosx, show that(% = sifx.

[E]
Solution:
2y = X — SinXcosx

X 1 .
A E - ESInXCOSX

|
—

& 1 : (1 A\
dx > Sinx (= sinx) +cosx | jcosx ) | (Product rule)

P NP NIk NIE

+ 5 (six) - 5 cogx
(1-cosx) + %sir?x

= 3 sirex + %sinzx (Using  coéx + sir’x = 1)

= sin?x
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Exercise K, Question 4

Question:
Differentiate, with respect tx

sinx

@ x>0
(b) In 2. g
[E]
Solution:

sinx
@y= "
d s . .
ﬁ — Xcox X;'”Xx L (Using the quotient rule)

_ XCOSX — sinx
X2

®y=In 21 - =In1-In (x*+9)  (Using laws of logarithms)
X< +

= y=-In(x2+9)
dy  -2x
dx X2+9
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Exercise K, Question 5

Question:

Use the derivatives of siand cos to prove that the derivative of tans seéX.
[E]

Solution:

sinx
Ccosx

Lety = tanx =
Use the quotient rule withh = sinx andv = cosx.
du dv .
Theny~ =coxand~ = - six
As
du dv

A

dy v

dy __ Cosxcosx — sinx ( — sinx)
dx ~

cogx
coX + simx

= ————  (Use coéx + sir’x = 1)

COSZX

1

COSZX

( 1)

= seéx  Assex= oo

2

So derivative of taix is sec“x.
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Exercise K, Question 6

Question:

X
f(x) = X2+2,xe&€’

Find the set of values offor which f"(x) <O0.

[E]
Solution:
_ X
f(X) B X2 + 2
fr — (X2+2) (1) =x(2x) _ X2+ 2 — 2% _ 2 —x2
(X) - (X2+2)2 - (X2+2)2_ (X2+2)2
When f 0 -2 _ %
enf'(x) < @2y 2 S
n2-%<0  [As (¥+2)2>0]

SoXe> 2
X< = NV2,x> V2
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Exercise K, Question 7

Question:

The function f is defined for positive real values«ddy
3

f(x) =12Inx-x2
Write down the set of values »ffor which f(x) is an increasing function af

[E].

Solution:

3
f(x) =12Inx-x2

1 3 1
fr(x) =12x 7 - 37Xx2

X

When f§) is an increasing function, { x) > 0.

.12 31
.X—2X2>0

12 38 2
. > 5X 2
As x > 0, multiply both sides by to give
3,1
12 > 5xt2
3
S X2<8
2
S.X<83
l.e.x<4
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Exercise K, Question 8

Question:

Given thaty = cos X + sinx, 0 <x < 2z, andx is in radians, find, to 2 decimal

.. d
places, the values affor which % =0.

[E]
Solution:

y = COS X + Sinx
dy

ix = — 2sinX+ cosx

day _
Puty, =
J.cosx—2sinx =0
. cosx — 4sinxcosx =0  (Using double angle formula)
l.e.cox(1l-4sinx) =0.
1
S.cosx=0orsix= 7
S.Xx=1.570r4.71 or 0.25 or 2.89
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Exercise K, Question 9

Question:

The maximum point on the curve with equatjon x\|sinx, 0 <x <z, is the
point A. Show that the-coordinate of poinA satisfies the equation
2tanx + x = 0.

[E]
Solution:

y = X\| sinx

d _ 1 .
dx‘XLz(S'”X) 2

1
xcosx} + (sinx) 2 x1

d
At the maximum point& =0.

1 1
2 2

X; (sinx) ~ 2cosx+ (sinx) 2=0
1

Multiply equation by 2 (sin) 2:

XCOoSX + 2sinx = 0

Divide equation by cos:

X+ 2tarx=0
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Exercise K, Question 10

Question:
f(x) =edX-x2 xec R
@Findf"(x) .

(b) By evaluatingf(6) andf (7 ) , show that the curve with equatipr f
( x) has a stationary point at= p, where 6 P < 7.

[E]
Solution:

@f(x) = g0.5x _ 42
Sfr(x) =05 - 2

of'(6) = -1.96<0

f'(7) =256>0

As the sign changes and the function is continuousx® = 0 has a rogb
where 6 <p < 7.

Soy=f(x) has a stationary point x = p.
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Exercise K, Question 11

Question:
f(x) =eXsinx,0 < x < =«

(a) Use calculus to find the coordinates of the turning points on the graph of
y=f(x) .

o) Show that ' (x) = 8e?*cosX.

(c) Hence, or otherwise, determine which turning point is a maximum and which
IS a minimum.

[E]
Solution:

@f(x) =e?*sin
S fr(x) =e®(2cosx) +sinX (2e2X)
When f (x) =0, 2¥(cosX +sinx) =0
CS.SIn2X = — cosX

Divide both sides by cosx2
tanx= -1

. _ 3z Iz
. 2X = 2 O

: Sz Im
S.X= gorTg (AsO < x =< =)

3z 1 3z
Asy=f(x) ,whenx= 75 ,y= ;€ 4

iz 1 =
and when x= —57,y= - ;€ 4

(Iz =)

3 -1 Iz :
SOK s 1y €4 )and\ s yo €4 )arestatlonaryvalues.

0 Asf' (x) =2e®(cosX+sinX)
fr(x) =2e®( -2sinX+2cosXx) +4e?(cosX + sinX)
= 8e2Xcos 2%
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3z 3z 3z
©f"” (?) —8e40057:—4\/2e4<0
( 3z 37
maX|mumat\ 3 ’V2 e4j
Vg5 L 77r I
[z ) =8e2c0s— = +4/2e2 >0

fr \8]
-1 77r\

mlnlmumat( ?ﬂ y 2 €4 JE
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Exercise K, Question 12

Question:

The curveC has equatioy = 2¢€* + 3x% + 2. The poinfA with coordinates (0, 4)
lies on C Find the equation of the tangentGatA.

[E]
Solution:

y =26+ 3%+ 2

dy _

o = 26+ 6x

At the pointA (0, 4), x= 0, so the gradient of the tangenfas 28 + 6 x 0= 2.
.. the equation of the tangentAats

y-4=2(x-0)

l.ey=2x+4
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Exercise K, Question 13

Question:

The curveC has equatiog =f ( x) , where
f(x) =3Inx+ =,x>0

The pointP is a stationary point on C.

(a) Calculate thex-coordinate oP.
The pointQ onC hasx-coordinate 1.

(b) Find an equation for the normal toafQ.

[E]
Solution:

@f ( x) :3Inx+xi
: _3_1
fr(x) =% - 2
3 1
Whenf'(x) =0, -5 =0
X
Multiply equation byx?:

3x-1=0
3x=1

Wl

X =

. . .1
So thex-coordinate of the stationary poidtis 5 .

(b) At the pointQ,x=1. ".y=f(1) =1
The gradient of the curve at po@tisf' (1) =3-1=2.

1
So the gradient of the normal to the curv@as - 7.
1
.. the equation of the normalys-1= - 7 (x-1)
: 1 1
lLey= - 5x+175
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Exercise K, Question 14

Question:

Differentiate é*cosx with respect tx.
The curveC has equatioy = e?Xcosx.

(@) Show that the turning points @hoccur when tar = 2.

(b) Find an equation of the tangentGat the point wherg = 0.

[E]
Solution:

Letf(x) =e*cosx
Thenf (x) =e®( -sinx) + cos (2e®X)

(a) The turning points occur whennfx) =0.
s e2X(2cox - sinx) =0
.. SiNX = 2CcoX

Divide both sides by cos
tanx = 2

) Whenx=0,y=f(0) =ecos0=1
The gradient of the curve at (0, 1) i10 ) .
f'(0) =0+2=2
This is the gradient of the tangent at (0, 1) also.
So the equation of the tangent at (0, 1) is
y-1=2(x-0)

Sy=2x+1
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Exercise K, Question 15

Question:

Given thatx = y2Iny, y > 0,
. dx
(a) find ay

(b) use your answer to part (a) to find in terms of e, the valc(rjxé ofy =&t

[E]
Solution:

(a) X = yzlny
Use the product rule to give

1
oy =Yy ) FInyx2y=y+2yiny

dy _ 1

®) g = T y+2ylny
dy

wheny = e,

dy 1

1
dx — e+ 2elne 3e
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Exercise K, Question 16

Question:

The figure shows part of the cur@ewith equatiory = f ( x) , where f (x)
(3 oy ) a-x
= L X3 — 2x je

@ Find f"(x) .
The normal tcC at the origin O intersects at a point?, as shown in the figure.

(b) Show that the-coordinate oP is the solution of the equation
ox2 = g + 4.

[E]

Solution:

@f(x) = (C-2x) e ™ X

Sf(x) = (xP-2x) (—e X)) +e X(3%-2) =e~ X
(=x3+3x%+2x—2)
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(b) The gradient of the curve at (0,0 f'(0) = -2

1
The normal at the origin has gradient

1
So the equation of the normal at the origiryis 73X

This normal meets the curye= (x3 - 2x) e~ *at the poinP.
.. thex-coordinate oP satisfies

%x: (x3-2x) e X

Multiply both sides by 2&

xe¥ = 2x3 — 4x

Divide both sides by and rearrange to give
%% =X+ 4
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Exercise K, Question 17

Question:

VA

A

The diagram shows part of the curve with equagienf ( x) where
f(x) =x(1+x)Inx {x>0{
The point Ais the minimum point of the curve.

@ Find f"(x) .

(b) Hence show that thecoordinate ofA is the solution of the equatiorn= g
(x) , where

1+x

g(Xx) =e” 1+2x

[E]
Solution:

@F(x) =x(1+x) Inx= (x+x%) Inx

f'(x) = (x+x2) xxl+lnx(1+2x) = (1+x) + (1+2X) Inx

(b) A'is the minimum point on the curye=f ( X)
S f7(x) =0 at pointA,
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(1+x) + (1+X%)Inx=0
(1 +2X)Inx= - (1+x)

) 1+x

..InX_ - 1+2(
1+X

J.X= e 1+2x

1+x

l.e. the xcoordinate ofA is a solution ok =g (x) whereg (x) =e™ 1+x.
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