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1 Find the quotient and the remainder when x4 + 3x3 + 5x2 + 4x − 1 is divided by x2 + x + 1. [4]

2 Evaluate � 1
2
π

0
x cos x dx, giving your answer in an exact form. [5]

3 The line L
1

passes through the points (2, −3, 1) and (−1, −2, −4). The line L
2

passes through the
point (3, 2, −9) and is parallel to the vector 4i − 4j + 5k.

(i) Find an equation for L1 in the form r = a + tb. [2]

(ii) Prove that L
1

and L
2

are skew. [5]

4 (i) Show that the substitution x = tan θ transforms � 1(1 + x2)2
dx to � cos2 θ dθ. [3]

(ii) Hence find the exact value of � 1

0

1(1 + x2)2
dx. [4]

5 ABCD is a parallelogram. The position vectors of A, B and C are given respectively by

a = 2i + j + 3k, b = 3i − 2j, c = i − j − 2k.

(i) Find the position vector of D. [3]

(ii) Determine, to the nearest degree, the angle ABC. [4]

6 The equation of a curve is xy2 = 2x + 3y.

(i) Show that
dy
dx

= 2 − y2

2xy − 3
. [5]

(ii) Show that the curve has no tangents which are parallel to the y-axis. [3]

7 A curve is given parametrically by the equations

x = t2, y = 1
t .

(i) Find
dy
dx in terms of t, giving your answer in its simplest form. [3]

(ii) Show that the equation of the tangent at the point P (4, −1
2
) is

x − 16y = 12. [3]
(iii) Find the value of the parameter at the point where the tangent at P meets the curve again. [4]
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8 (i) Given that
3x + 4(1 + x)(2 + x)2

≡ A
1 + x + B

2 + x + C(2 + x)2
, find A, B and C. [5]

(ii) Hence or otherwise expand
3x + 4(1 + x)(2 + x)2

in ascending powers of x, up to and including the

term in x2. [5]

(iii) State the set of values of x for which the expansion in part (ii) is valid. [1]

9 Newton’s law of cooling states that the rate at which the temperature of an object is falling at any
instant is proportional to the difference between the temperature of the object and the temperature of
its surroundings at that instant. A container of hot liquid is placed in a room which has a constant
temperature of 20 ◦C. At time t minutes later, the temperature of the liquid is θ ◦C.

(i) Explain how the information above leads to the differential equation

dθ
dt

= −k(θ − 20),
where k is a positive constant. [2]

(ii) The liquid is initially at a temperature of 100 ◦C. It takes 5 minutes for the liquid to cool from
100 ◦C to 68 ◦C. Show that

θ = 20 + 80e
−(1

5
ln 5

3)t. [8]
(iii) Calculate how much longer it takes for the liquid to cool by a further 32 ◦C. [3]
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1 Simplify
x3 − 3x2

x2 − 9
. [3]

2 Given that sin y = xy + x2, find
dy
dx

in terms of x and y. [5]

3 (i) Find the quotient and the remainder when 3x3 − 2x2 + x + 7 is divided by x2 − 2x + 5. [4]

(ii) Hence, or otherwise, determine the values of the constants a and b such that, when
3x3 − 2x2 + ax + b is divided by x2 − 2x + 5, there is no remainder. [2]

4 (i) Use integration by parts to find � x sec2 x dx. [4]

(ii) Hence find � x tan2x dx. [3]

5 A curve is given parametrically by the equations x = t2, y = 2t.

(i) Find
dy
dx

in terms of t, giving your answer in its simplest form. [2]

(ii) Show that the equation of the tangent to the curve at (p2, 2p) is

py = x + p2. [2]
(iii) Find the coordinates of the point where the tangent at (9, 6) meets the tangent at (25, −10). [4]

6 (i) Show that the substitution x = sin2θ transforms �
√

x
1 − x dx to � 2 sin2 θ dθ . [4]

(ii) Hence find � 1

0

√
x

1 − x dx. [5]

7 The expression
11 + 8x(2 − x)(1 + x)2

is denoted by f(x).

(i) Express f(x) in the form
A

2 − x + B
1 + x + C(1 + x)2

, where A, B and C are constants. [5]

(ii) Given that |x| < 1, find the first 3 terms in the expansion of f(x) in ascending powers of x. [5]
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8 (i) Solve the differential equation

dy
dx = 2 − x

y − 3
,

giving the particular solution that satisfies the condition y = 4 when x = 5. [5]

(ii) Show that this particular solution can be expressed in the form

(x − a)2 + (y − b)2 = k,
where the values of the constants a, b and k are to be stated. [3]

(iii) Hence sketch the graph of the particular solution, indicating clearly its main features. [3]

9 Two lines have vector equations

r = ( 4
2−6
) + t(−8

1−2
) and r = (−2

a−2
) + s(−9

2−5
) ,

where a is a constant.

(i) Calculate the acute angle between the lines. [5]

(ii) Given that these two lines intersect, find a and the point of intersection. [8]
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1 Find the gradient of the curve 4x2 + 2xy + y2 = 12 at the point (1, 2). [4]

2 (i) Expand (1 − 3x)−2 in ascending powers of x, up to and including the term in x2. [3]

(ii) Find the coefficient of x2 in the expansion of
(1 + 2x)2

(1 − 3x)2
in ascending powers of x. [4]

3 (i) Express
3 − 2x
x(3 − x) in partial fractions. [3]

(ii) Show that � 2

1

3 − 2x
x(3 − x) dx = 0. [4]

(iii) What does the result of part (ii) indicate about the graph of y = 3 − 2x
x(3 − x) between x = 1 and x = 2?

[1]

4 The position vectors of three points A, B and C relative to an origin O are given respectively by

−−→OA = 7i + 3j − 3k,−−→OB = 4i + 2j − 4k

and
−−→OC = 5i + 4j − 5k.

(i) Find the angle between AB and AC. [6]

(ii) Find the area of triangle ABC. [2]

5 A forest is burning so that, t hours after the start of the fire, the area burnt is A hectares. It is given
that, at any instant, the rate at which this area is increasing is proportional to A2.

(i) Write down a differential equation which models this situation. [2]

(ii) After 1 hour, 1000 hectares have been burnt; after 2 hours, 2000 hectares have been burnt. Find
after how many hours 3000 hectares have been burnt. [6]

6 (i) Show that the substitution u = ex + 1 transforms � e2x

ex + 1
dx to � u − 1

u du. [3]

(ii) Hence show that � 1

0

e2x

ex + 1
dx = e − 1 − ln(

e + 1
2
). [5]
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7 Two lines have vector equations

r = i − 2j + 4k + λ(3i + j + ak) and r = −8i + 2j + 3k + µ(i − 2j − k),
where a is a constant.

(i) Given that the lines are skew, find the value that a cannot take. [6]

(ii) Given instead that the lines intersect, find the point of intersection. [2]

8 (i) Show that � cos2 6x dx = 1
2
x + 1

24
sin 12x + c. [3]

(ii) Hence find the exact value of � 1
12
π

0
x cos2 6x dx. [6]

9 A curve is given parametrically by the equations

x = 4 cos t, y = 3 sin t,

where 0 ≤ t ≤ 1
2
π.

(i) Find
dy
dx in terms of t. [3]

(ii) Show that the equation of the tangent at the point P, where t = p, is

3x cosp + 4y sinp = 12. [3]
(iii) The tangent at P meets the x-axis at R and the y-axis at S. O is the origin. Show that the area of

triangle ORS is
12

sin 2p
. [3]

(iv) Write down the least possible value of the area of triangleORS, and give the corresponding value
of p. [3]
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1 It is given that

f(x) = x2 + 2x − 24

x2 − 4x
for x ≠ 0, x ≠ 4.

Express f(x) in its simplest form. [3]

2 Find the exact value of � 2

1
x ln x dx. [5]

3 The points A and B have position vectors a and b relative to an origin O, where a = 4i + 3j − 2k and
b = −7i + 5j + 4k.

(i) Find the length of AB. [3]

(ii) Use a scalar product to find angle OAB. [3]

4 Use the substitution u = 2x − 5 to show that � 3

5
2

(4x − 8)(2x − 5)7 dx = 17
72

. [5]

5 (i) Expand (1 − 3x)−1
3 in ascending powers of x, up to and including the term in x3. [4]

(ii) Hence find the coefficient of x3 in the expansion of (1 − 3(x + x3))−1
3 . [3]

6 (i) Express
2x + 1(x − 3)2

in the form
A
x − 3

+ B(x − 3)2
, where A and B are constants. [3]

(ii) Hence find the exact value of � 10

4

2x + 1(x − 3)2
dx, giving your answer in the form a + b ln c, where

a, b and c are integers. [4]

7 The equation of a curve is 2x2 + xy + y2 = 14. Show that there are two stationary points on the curve
and find their coordinates. [8]

8 The parametric equations of a curve are x = 2t2, y = 4t. Two points on the curve are P (2p2, 4p) and
Q (2q2, 4q).
(i) Show that the gradient of the normal to the curve at P is −p. [2]

(ii) Show that the gradient of the chord joining the points P and Q is
2

p + q . [2]

(iii) The chord PQ is the normal to the curve at P. Show that p2 + pq + 2 = 0. [2]

(iv) The normal at the point R (8, 8) meets the curve again at S. The normal at S meets the curve
again at T . Find the coordinates of T . [4]
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9 (i) Find the general solution of the differential equation

sec2 y
cos2(2x) dy

dx
= 2. [7]

(ii) For the particular solution in which y = 1
4
π when x = 0, find the value of y when x = 1

6
π. [3]

10 The position vectors of the points P andQ with respect to an originO are 5i + 2j − 9k and 4i + 4j − 6k
respectively.

(i) Find a vector equation for the line PQ. [2]

The position vector of the point T is i + 2j − k.

(ii) Write down a vector equation for the line OT and show that OT is perpendicular to PQ. [4]

It is given that OT intersects PQ.

(iii) Find the position vector of the point of intersection of OT and PQ. [3]

(iv) Hence find the perpendicular distance from O to PQ, giving your answer in an exact form. [2]
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1 The equation of a curve is y = f(x), where f(x) = 3x + 1(x + 2)(x − 3) .

(i) Express f(x) in partial fractions. [2]

(ii) Hence find f ′(x) and deduce that the gradient of the curve is negative at all points on the curve.
[3]

2 Find the exact value of � 1

0
x2ex dx. [6]

3 Find the exact volume generated when the region enclosed between the x-axis and the portion of the
curve y = sin x between x = 0 and x = π is rotated completely about the x-axis. [6]

4 (i) Expand (2 + x)−2 in ascending powers of x up to and including the term in x3, and state the set of
values of x for which the expansion is valid. [5]

(ii) Hence find the coefficient of x3 in the expansion of
1 + x2

(2 + x)2
. [2]

5 A curve C has parametric equations

x = cos t, y = 3 + 2 cos 2t, where 0 ≤ t ≤ π.

(i) Express
dy
dx in terms of t and hence show that the gradient at any point on C cannot exceed 8.

[4]

(ii) Show that all points on C satisfy the cartesian equation y = 4x2 + 1. [3]

(iii) Sketch the curve y = 4x2 + 1 and indicate on your sketch the part which represents C. [2]

6 The equation of a curve is x2 + 3xy + 4y2 = 58. Find the equation of the normal at the point (2, 3) on
the curve, giving your answer in the form ax + by + c = 0, where a, b and c are integers. [8]

7 (i) Find the quotient and the remainder when 2x3 + 3x2 + 9x + 12 is divided by x2 + 4. [4]

(ii) Hence express
2x3 + 3x2 + 9x + 12

x2 + 4
in the form Ax + B + Cx +D

x2 + 4
, where the values of the

constants A, B, C and D are to be stated. [1]

(iii) Use the result of part (ii) to find the exact value of � 3

1

2x3 + 3x2 + 9x + 12

x2 + 4
dx. [5]
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8 The height, h metres, of a shrub t years after planting is given by the differential equation

dh
dt = 6 − h

20
.

A shrub is planted when its height is 1 m.

(i) Show by integration that t = 20 ln(
5

6 − h). [6]

(ii) How long after planting will the shrub reach a height of 2 m? [1]

(iii) Find the height of the shrub 10 years after planting. [2]

(iv) State the maximum possible height of the shrub. [1]

9 Lines L1, L2 and L3 have vector equations

L1: r = (5i − j − 2k) + s(−6i + 8j − 2k),
L

2
: r = (3i − 8j) + t(i + 3j + 2k),

L3: r = (2i + j + 3k) + u(3i + cj + k).
(i) Calculate the acute angle between L1 and L2. [4]

(ii) Given that L1 and L3 are parallel, find the value of c. [2]

(iii) Given instead that L
2

and L
3

intersect, find the value of c. [5]
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1 Find the angle between the vectors i − 2j + 3k and 2i + j + k. [4]

2 (i) Express
x(x + 1)(x + 2) in partial fractions. [3]

(ii) Hence find � x(x + 1)(x + 2) dx. [2]

3 When x4 − 2x3 − 7x2 + 7x + a is divided by x2 + 2x − 1, the quotient is x2 + bx + 2 and the remainder
is cx + 7. Find the values of the constants a, b and c. [5]

4 Find the equation of the normal to the curve

x3 + 4x2y + y3 = 6

at the point (1, 1), giving your answer in the form ax + by + c = 0, where a, b and c are integers. [6]

5 The vector equations of two lines are

r = (5i − 2j − 2k) + s(3i − 4j + 2k) and r = (2i − 2j + 7k) + t(2i − j − 5k).
Prove that the two lines are

(i) perpendicular, [3]

(ii) skew. [5]

6 (i) Expand (1 + ax)−4 in ascending powers of x, up to and including the term in x2. [3]

(ii) The coefficients of x and x2 in the expansion of (1 + bx)(1 + ax)−4 are 1 and −2 respectively.
Given that a > 0, find the values of a and b. [5]

7 (i) Given that

A(sin θ + cos θ) + B(cos θ − sin θ) ≡ 4 sin θ,

find the values of the constants A and B. [3]

(ii) Hence find the exact value of

�
1
4
π

0

4 sin θ
sin θ + cos θ

dθ ,

giving your answer in the form aπ − lnb. [5]
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8 Water flows out of a tank through a hole in the bottom and, at time t minutes, the depth of water in
the tank is x metres. At any instant, the rate at which the depth of water in the tank is decreasing is
proportional to the square root of the depth of water in the tank.

(i) Write down a differential equation which models this situation. [2]

(ii) When t = 0, x = 2; when t = 5, x = 1. Find t when x = 0.5, giving your answer correct to 1 decimal
place. [6]

9 The parametric equations of a curve are x = t3, y = t2.

(i) Show that the equation of the tangent at the point P where t = p is

3py − 2x = p3. [4]
(ii) Given that this tangent passes through the point (−10, 7), find the coordinates of each of the three

possible positions of P. [5]

10 (i) Use the substitution x = sin θ to find the exact value of

�
1
2

0

1

(1 − x2)3
2

dx. [6]

(ii) Find the exact value of

� 3

1

ln x
x2

dx. [5]

© OCR 2008 4724/01 Jan08

Jan 2008



2

1 (a) Simplify
(2x2 − 7x − 4)(x + 1)(3x2 + x − 2)(x − 4) . [2]

(b) Find the quotient and remainder when x3 + 2x2 − 6x − 5 is divided by x2 + 4x + 1. [4]

2 Find the exact value of � e

1
x4 ln x dx. [5]

3 The equation of a curve is x2y − xy2 = 2.

(i) Show that
dy
dx

= y2 − 2xy
x2 − 2xy

. [3]

(ii) (a) Show that, if
dy
dx

= 0, then y = 2x. [2]

(b) Hence find the coordinates of the point on the curve where the tangent is parallel to the
x-axis. [3]

4 Relative to an originO, the pointsA andB have position vectors 3i+ 2j+ 3k and i+ 3j+ 4k respectively.

(i) Find a vector equation of the line passing through A and B. [2]

(ii) Find the position vector of the point P on AB such that OP is perpendicular to AB. [5]

5 (i) Show that

√
1 − x
1 + x ≈ 1 − x + 1

2
x2, for |x| < 1. [5]

(ii) By taking x = 2
7
, show that

√
5 ≈ 111

49
. [3]

6 Two lines have equations

r = ( 1
0−5
) + t( 2

3
4
) and r = ( 12

0
5
) + s( 1−4−2

) .

(i) Show that the lines intersect. [4]

(ii) Find the angle between the lines. [4]

7 (i) Show that, if y = cosec x, then
dy
dx

can be expressed as − cosec x cot x. [3]

(ii) Solve the differential equation

dx
dt = − sin x tan x cot t,

given that x = 1
6
π when t = 1

2
π. [5]
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8 (i) Given that
2t(t + 1)2

can be expressed in the form
A
t + 1

+ B(t + 1)2
, find the values of the constants

A and B. [3]

(ii) Show that the substitution t = √
2x − 1 transforms � 1

x + √
2x − 1

dx to � 2t(t + 1)2
dt. [4]

(iii) Hence find the exact value of �
5

1

1

x + √
2x − 1

dx. [4]

9 The parametric equations of a curve are

x = 2θ + sin 2θ , y = 4 sin θ ,

and part of its graph is shown below.

y

x

A

B

C

(i) Find the value of θ at A and the value of θ at B. [3]

(ii) Show that
dy
dx = sec θ . [5]

(iii) At the point C on the curve, the gradient is 2. Find the coordinates of C, giving your answer in
an exact form. [3]
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1 Simplify
20 − 5x

6x2 − 24x
. [3]

2 Find ã x sec2 x dx. [4]

3 (i) Expand (1 + 2x)1

2 as a series in ascending powers of x, up to and including the term in x3. [3]

(ii) Hence find the expansion of
(1 + 2x)1

2

(1 + x)3
as a series in ascending powers of x, up to and including

the term in x3. [5]

(iii) State the set of values of x for which the expansion in part (ii) is valid. [1]

4 Find the exact value of ã 1

4
π

0

(1 + sin x)2 dx. [6]

5 (i) Show that the substitution u = √
x transforms ä 1

x(1 + √
x ) dx to ä 2

u(1 + u) du. [3]

(ii) Hence find the exact value of ä 9

1

1

x(1 + √
x ) dx. [5]

6 A curve has parametric equations

x = t2 − 6t + 4, y = t − 3.

Find

(i) the coordinates of the point where the curve meets the x-axis, [2]

(ii) the equation of the curve in cartesian form, giving your answer in a simple form without brackets,

[2]

(iii) the equation of the tangent to the curve at the point where t = 2, giving your answer in the form

ax + by + c = 0, where a, b and c are integers. [5]

7 (i) Show that the straight line with equation r = ( 2−3

5

) + t( 1

4−2

) meets the line passing through

(9, 7, 5) and (7, 8, 2), and find the point of intersection of these lines. [6]

(ii) Find the acute angle between these lines. [4]
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8 The equation of a curve is x3 + y3 = 6xy.

(i) Find
dy
dx

in terms of x and y. [4]

(ii) Show that the point (2
4

3 , 2
5

3) lies on the curve and that
dy
dx

= 0 at this point. [4]

(iii) The point (a, a), where a > 0, lies on the curve. Find the value of a and the gradient of the curve

at this point. [4]

9 A liquid is being heated in an oven maintained at a constant temperature of 160 ◦C. It may be assumed

that the rate of increase of the temperature of the liquid at any particular time t minutes is proportional

to 160 − θ, where θ ◦C is the temperature of the liquid at that time.

(i) Write down a differential equation connecting θ and t. [2]

When the liquid was placed in the oven, its temperature was 20 ◦C and 5 minutes later its temperature

had risen to 65 ◦C.

(ii) Find the temperature of the liquid, correct to the nearest degree, after another 5 minutes. [9]

© OCR 2009 4724 Jan09

Jan 2009



2

1 Find the quotient and the remainder when 3x4 − x3 − 3x2 − 14x − 8 is divided by x2 + x + 2. [4]

2 Use the substitution x = tan θ to find the exact value of

ä
√

3

1

1 − x2

1 + x2
dx. [7]

3 (i) Expand (a + x)−2 in ascending powers of x up to and including the term in x2. [4]

(ii) When (1 − x)(a + x)−2 is expanded, the coefficient of x2 is 0. Find the value of a. [3]

4 (i) Differentiate ex(sin 2x − 2 cos 2x), simplifying your answer. [4]

(ii) Hence find the exact value of ã 1

4
π

0

ex sin 2x dx. [3]

5 A curve has parametric equations

x = 2t + t2, y = 2t2 + t3.

(i) Express
dy
dx

in terms of t and find the gradient of the curve at the point (3, −9). [5]

(ii) By considering
y
x

, find a cartesian equation of the curve, giving your answer in a form not

involving fractions. [4]

6 The expression
4x(x − 5)(x − 3)2

is denoted by f(x).

(i) Express f(x) in the form
A
x − 5

+ B
x − 3

+ C(x − 3)2
, where A, B and C are constants. [4]

(ii) Hence find the exact value of ã 2

1

f(x) dx. [5]

7 (i) The vector u = 3

13
i + bj + ck is perpendicular to the vector 4i + k and to the vector 4i + 3j + 2k.

Find the values of b and c, and show that u is a unit vector. [6]

(ii) Calculate, to the nearest degree, the angle between the vectors 4i + k and 4i + 3j + 2k. [3]
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8 (i) Given that 14x2 − 7xy + y2 = 2, show that
dy
dx

= 28x − 7y
7x − 2y

. [4]

(ii) The points L and M on the curve 14x2 − 7xy + y2 = 2 each have x-coordinate 1. The tangents to

the curve at L and M meet at N. Find the coordinates of N. [6]

9 A tank contains water which is heated by an electric water heater working under the action of a

thermostat. The temperature of the water, θ ◦C, may be modelled as follows. When the water heater

is first switched on, θ = 40. The heater causes the temperature to increase at a rate k
1

◦C per second,

where k
1

is a constant, until θ = 60. The heater then switches off.

(i) Write down, in terms of k
1
, how long it takes for the temperature to increase from 40 ◦C to 60 ◦C.

[1]

The temperature of the water then immediately starts to decrease at a variable rate k
2
(θ − 20) ◦C per

second, where k
2

is a constant, until θ = 40.

(ii) Write down a differential equation to represent the situation as the temperature is decreasing.

[1]

(iii) Find the total length of time for the temperature to increase from 40 ◦C to 60 ◦C and then decrease

to 40 ◦C. Give your answer in terms of k
1

and k
2
. [8]
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1 Find the quotient and the remainder when x4 + 11x3 + 28x2 + 3x + 1 is divided by x2 + 5x + 2. [4]

2 Points A, B and C have position vectors −5i − 10j + 12k, i + 2j − 3k and 3i + 6j + pk respectively,

where p is a constant.

(i) Given that angle ABC = 90◦, find the value of p. [4]

(ii) Given instead that ABC is a straight line, find the value of p. [2]

3 By expressing cos 2x in terms of cos x, find the exact value of ä
1
3
π

1
4
π

cos 2x
cos2x

dx. [5]

4 Use the substitution u = 2 + ln t to find the exact value of

ä e

1

1

t(2 + ln t)2
dt. [6]

5 (i) Expand (1 + x)1
3 in ascending powers of x, up to and including the term in x2. [2]

(ii) (a) Hence, or otherwise, expand (8 + 16x)1
3 in ascending powers of x, up to and including the

term in x2. [4]

(b) State the set of values of x for which the expansion in part (ii) (a) is valid. [1]

6 A curve has parametric equations

x = 9t − ln(9t), y = t3 − ln(t3).
Show that there is only one value of t for which

dy
dx = 3 and state that value. [6]

7 Find the equation of the normal to the curve x3 + 2x2y = y3 + 15 at the point (2, 1), giving your answer

in the form ax + by + c = 0, where a, b and c are integers. [8]

8 (i) State the derivative of ecos x. [1]

(ii) Hence use integration by parts to find the exact value of

ã 1
2
π

0

cos x sin x ecos x dx. [6]
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9 The equation of a straight line l is r = (3

1

1

) + t( 1−1

2

). O is the origin.

(i) The point P on l is given by t = 1. Calculate the acute angle between OP and l. [4]

(ii) Find the position vector of the point Q on l such that OQ is perpendicular to l. [4]

(iii) Find the length of OQ. [2]

10 (i) Express
1(3 − x)(6 − x) in partial fractions. [2]

(ii) In a chemical reaction, the amount x grams of a substance at time t seconds is related to the rate

at which x is changing by the equation

dx
dt = k(3 − x)(6 − x),

where k is a constant. When t = 0, x = 0 and when t = 1, x = 1.

(a) Show that k = 1
3

ln 5
4
. [7]

(b) Find the value of x when t = 2. [4]
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1 Expand (1 + 3x)−5
3 in ascending powers of x, up to and including the term in x3. [5]

2 Given that y = cos x
1 − sin x , find

dy
dx , simplifying your answer. [4]

3 Express
x2

(x − 1)2(x − 2) in partial fractions. [5]

4 Use the substitution u = √
x + 2 to find the exact value of

ä 7

−1

x2√
x + 2

dx. [7]

5 Find the coordinates of the two stationary points on the curve with equation

x2 + 4xy + 2y2 + 18 = 0. [7]

6 Lines l
1

and l
2

have vector equations

r = j + k + t(2i + aj + k) and r = 3i − k + s(2i + 2j − 6k)
respectively, where t and s are parameters and a is a constant.

(i) Given that l
1

and l
2

are perpendicular, find the value of a. [3]

(ii) Given instead that l
1

and l
2

intersect, find

(a) the value of a, [4]

(b) the angle between the lines. [3]

7 The parametric equations of a curve are x = t + 2

t + 1
, y = 2

t + 3
.

(i) Show that
dy
dx > 0. [6]

(ii) Find the cartesian equation of the curve, giving your answer in a form not involving fractions.

[5]

8 (i) Find the quotient and the remainder when x2 − 5x + 6 is divided by x − 1. [3]

(ii) (a) Find the general solution of the differential equation

(
x − 1

x2 − 5x + 6
)

dy
dx = y − 5. [3]

(b) Given that y = 7 when x = 8, find y when x = 6. [4]
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9 (i) Find ã (x + cos 2x)2 dx. [9]

(ii)

O
x

y

1

1

2
p

The diagram shows the part of the curve y = x + cos 2x for 0 ≤ x ≤ 1
2
π. The shaded region bounded

by the curve, the axes and the line x = 1
2
π is rotated completely about the x-axis to form a solid

of revolution of volume V . Find V , giving your answer in an exact form. [4]
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1 (i) Expand (1 − x)1
2 in ascending powers of x as far as the term in x2. [3]

(ii) Hence expand (1 − 2y + 4y2)
1
2 in ascending powers of y as far as the term in y2. [3]

2 (i) Express
7 − 2x
(x − 2)2

in the form
A
x − 2

+ B
(x − 2)2

, where A and B are constants. [3]

(ii) Hence find the exact value of ä
5

4

7 − 2x
(x − 2)2

dx. [4]

3 (i) Show that the derivative of sec x can be written as sec x tan x. [4]

(ii) Find ä tan x
√

1 + cos 2x
dx. [4]

4 A curve has parametric equations

x = 2 + t2, y = 4t.

(i) Find
dy
dx in terms of t. [2]

(ii) Find the equation of the normal at the point where t = 4, giving your answer in the form y =mx + c.
[3]

(iii) Find a cartesian equation of the curve. [2]

5 In this question, I denotes the definite integral ä
5

2

5 − x
2 +√x − 1

dx. The value of I is to be found using

two different methods.

(i) Show that the substitution u = √x − 1 transforms I to ã 2

1

(4u − 2u2) du and hence find the exact

value of I. [5]

(ii) (a) Simplify (2 +√x − 1)(2 −√x − 1). [1]

(b) By first multiplying the numerator and denominator of
5 − x

2 +√x − 1
by 2 − √x − 1, find the

exact value of I. [3]
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6 The line l
1

has equation r = ( 3

0−2

) + s( 2

3−4

). The line l
2

has equation r = ( 5

3

2

) + t( 0

1−2

).

(i) Find the acute angle between l
1

and l
2
. [4]

(ii) Show that l
1

and l
2

are skew. [4]

(iii) One of the numbers in the equation of line l
1

is changed so that the equation becomes

r = ( 3

0

a
) + s( 2

3−4

). Given that l
1

and l
2

now intersect, find a. [2]

7 Show that ã π

0

(x2 + 5x + 7) sin x dx = π2 + 5π + 10. [7]

8 The points P and Q lie on the curve with equation

2x2 − 5xy + y2 + 9 = 0.

The tangents to the curve at P and Q are parallel, each having gradient 3
8
.

(i) Show that the x- and y-coordinates of P and Q are such that x = 2y. [5]

(ii) Hence find the coordinates of P and Q. [3]

9 Paraffin is stored in a tank with a horizontal base. At time t minutes, the depth of paraffin in the tank

is x cm. When t = 0, x = 72. There is a tap in the side of the tank through which the paraffin can flow.

When the tap is opened, the flow of the paraffin is modelled by the differential equation

dx
dt = −4(x − 8)1

3 .

(i) How long does it take for the level of paraffin to fall from a depth of 72 cm to a depth of 35 cm?

[7]

(ii) The tank is filled again to its original depth of 72 cm of paraffin and the tap is then opened. The

paraffin flows out until it stops. How long does this take? [3]
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1 Simplify
x4 − 10x2 + 9

(x2 − 2x − 3)(x2 + 8x + 15) . [4]

2 Find the unit vector in the direction of (
2−3√

12

). [3]

3 (i) Find the quotient when 3x3 − x2 + 10x − 3 is divided by x2 + 3, and show that the remainder is x.
[4]

(ii) Hence find the exact value of

ä 1

0

3x3 − x2 + 10x − 3

x2 + 3
dx. [4]

4 Use the substitution x = 1
3

sin θ to find the exact value of

⌠æ
⌡

1
6

0

1

(1 − 9x2)
3
2

dx. [6]

5 The lines l
1

and l
2

have equations

r = ( 4

6

4

) + s(3

2

1

) and r = ( 1

0

0

) + t( 0

1−1

)

respectively.

(i) Show that l
1

and l
2

are skew. [3]

(ii) Find the acute angle between l
1

and l
2
. [4]

(iii) The point A lies on l
1

and OA is perpendicular to l
1
, where O is the origin. Find the position

vector of A. [3]

6 Find the coefficient of x2 in the expansion in ascending powers of x of

√
1 + ax
4 − x ,

giving your answer in terms of a. [8]

7 The gradient of a curve at the point (x, y), where x > −2, is given by

dy
dx = 1

3y2(x + 2) .

The points (1, 2) and (q, 1.5) lie on the curve. Find the value of q, giving your answer correct to

3 significant figures. [7]
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8 A curve has parametric equations

x = 1

t + 1
, y = t − 1.

The line y = 3x intersects the curve at two points.

(i) Show that the value of t at one of these points is −2 and find the value of t at the other point. [2]

(ii) Find the equation of the normal to the curve at the point for which t = −2. [6]

(iii) Find the value of t at the point where this normal meets the curve again. [2]

(iv) Find a cartesian equation of the curve, giving your answer in the form y = f(x). [3]

9 (i) Show that
d

dx (x ln x − x) = ln x. [3]

(ii)
y

x
O

C

e

R

In the diagram, C is the curve y = ln x. The region R is bounded by C, the x-axis and the line

x = e.

(a) Find the exact volume of the solid of revolution formed by rotating R completely about the

x-axis. [6]

(b) The region R is rotated completely about the y-axis. Explain why the volume of the solid

of revolution formed is given by

πe2 − π ã 1

0

e2y dy,

and find this volume. [4]
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1 When the polynomial f(x) is divided by x2 + 1, the quotient is x2 + 4x + 2 and the remainder is x − 1. Find 
f(x), simplifying your answer. [3]

2 (i) Find, in the form r = a + t b, an equation of the line l  through the points (4, 2, 7) and (5, −4, −1). [3]

 (ii) Find the acute angle between the line l and a line in the direction of the vector  �
1
2
3
 �. [4]

3 The equation of a curve C is (x + 3)(y + 4) = x2 + y2.

 (i) Find dy
dx

 in terms of x and y. [4]

 (ii) The line 2y = x + 3 meets C at two points. What can be said about the tangents to C at these points?  
Justify your answer. [2]

 (iii) Find the equation of the tangent at the point (6, 0), giving your answer in the form  ax + by = c, where 
a, b and c are integers. [2]

4 (i) Expand �1 − 4x�
1
4   in ascending powers of x, up to and including the term in x3. [5]

 (ii) The term of lowest degree in the expansion of 

�1 + ax��1 + bx2�7 − �1 − 4x�
1
4  

  in ascending powers of x is the term in  x3. Find the values of the constants a and b. [4]

5 Use the substitution u = cos x to find the exact value of

    �
1
3π

0
sin3 x cos2 x dx . [6]
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6
y

x

R

O
1
2

 The diagram shows the curves y = cos x and y = sin x, for 0  x  1
2π. The region R is bounded by the curves 

and the x-axis. Find the volume of the solid of revolution formed when R is rotated completely about the 
x-axis, giving your answer in terms of π. [7]

7 The equation of a straight line l is

    r = �
1
0
2
 � + t �

1
−1

0
 �.

 O is the origin. 

 (i) Find the position vector of the point P on l such that OP is perpendicular to l. [3]

 (ii) A point Q on l is such that the length of OQ is 3 units. Find the two possible position vectors of Q. [3]

8 A curve is defined by the parametric equations

    x = sin2 θ,     y = 4 sin θ − sin3 θ,

 where −1
2π  θ  1

2π.

 (i) Show that 
dy
dx  = 

4 − 3 sin2 θ 
2 sin θ . [3]

 (ii) Find the coordinates of the point on the curve at which the gradient is 2. [3]

 (iii) Show that the curve has no stationary points. [2]

 (iv) Find a cartesian equation of the curve, giving your answer in the form y2 = f(x). [2]

[Questions 9 and 10 are printed overleaf.]
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9 Find the exact value of ∫
1

0
(x2 + 1)e2x dx. [7]

10 (i) Write down the derivative of y2 + 1 with respect to y. [1]

 (ii) Given that 
dy
dx  = 

(x − 1) y2 + 1
xy   and that  y = e2 − 2e when x = e, 

  find a relationship between x and y. [8]
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1 Simplify

 (i) 1 − x
x2 − 3x + 2

 , [2]

 (ii) (x + 1)
(x − 1)(x − 3)

 − (x − 5)
(x − 3)(x − 4)

 . [4]

2 Use integration by parts to find ∫ ln (x + 2) dx. [5]

3 (i) Expand 1 + x2

 1 + 4x
 in ascending powers of x, up to and including the term in x3. [6]

 (ii) State the set of values of x for which this expansion is valid. [1]

4 Solve the differential equation

e 2y dy
dx

 + tan x = 0 ,

 given that x = 0 when y = 0. Give your answer in the form  y = f(x). [6]

5
A

a

b
BO

 In the diagram the points A and B have position vectors a and b with respect to the origin O. Given that 
� a � = 3, � b � = 4 and a.b = 6, find

 (i) the angle AOB, [2]

 (ii) � a − b � . [3]

6 Use the substitution u = 1 + x  to show that

    �
4

9
1

1 + x dx = 2 + 2 ln 34  . [7]
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7 Find the exact value of 
1
6  π�

0
(1 − sin 3x)2 dx. [7]

8 (a) Find the gradient of the curve  x2 + xy + y2 = 3  at the point (−1, − 1). [4]

 (b) A curve C has parametric equations

    x = 2t 2 −1,  y = t 3 + t.

  (i) Find the coordinates of the point on C at which the tangent is parallel to the y-axis. [3]

  (ii) Find the values of t for which x and y have the same rate of change with respect to t. [3]

9 (i) Express x2 − x − 11
(x + 1)(x − 2)2  in  partial fractions. [5]

 (ii) Find the exact value of �
3

4

 x2 − x − 11
(x + 1)(x − 2)2  dx, giving your answer in the form a + ln b, where a and b are

  rational numbers. [4]

10 Lines l1 and l2 have vector equations

 r = −i + 2j + 7k + t(2i + 2j + k)   and    r = 2i + 9j − 4k + s(i + 3j − 2k)

 respectively. The point A has coordinates  (−3, 0, 6)  relative to the origin O.

 (i) Show that A lies on l1 and that OA is perpendicular to l1 . [3]

 (ii) Show that the line through O and A intersects l2 . [4]

 (iii) Given that the point of intersection in part (ii) is B, find the ratio  � →OA  � : � →BA  �. [3]
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1	 Find 3cosx x xdy . [4]

2	 Find the first three terms in the expansion of ( )x9 16 2
3

-  in ascending powers of x, and state the set of values 
for which this expansion is valid. [5]

3	 The equation of a curve is xy x 12 2= + . Find x
y

d
d

 in terms of x and y, and hence find the coordinates of the 
stationary points on the curve. [7]

4	 The equations of two lines are

2 (2 3 )r i j i j km= + + + +   and  6 8 ( 4 5 ) .r i j k i j kn= + + + + -

	 (i)	 Show that these lines meet, and find the coordinates of the point of intersection. [5]

	 (ii)	 Find the acute angle between these lines. [3]

5	 The parametric equations of a curve are

2 3 sinx i= +   and  1 2cosy i= -   for  0 2
1G Gi r .

	 (i)	 Find the coordinates of the point on the curve where the gradient is 2
1 . [5]

	 (ii)	 Find the cartesian equation of the curve. [2]

6	 Use the substitution u x2 1= +  to evaluate 
( )x

x x
2 1
4 1 d

5
0

2
1

+

-> . [7]

7	 (i)	 Given  that ( ) ( )ln sin ln cosy x x1= + - , show that x
y

d
d

 = cos x
1 . [4]

	 (ii)	 Using this result, evaluate sec x xd
0

3
1r

; , giving your answer as a single logarithm. [3]

8	 The points A (3, 2, 1), B (5, 4, 3- ), C (3, 17, 4- ) and D (1, 6, 3) form a quadrilateral ABCD.

	 (i)	 Show that AB = AD. [2]

	 (ii)	 Find a vector equation of the line through A and the mid-point of BD. [3]

	 (iii)	 Show that C lies on the line found in part (ii). [1]

	 (iv)	 What type of quadrilateral is ABCD? [1]
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9	 The temperature of a freezer is −20 °C. A container of a liquid is placed in the freezer. The rate at which the 
temperature, i  °C, of a liquid decreases is proportional to the difference in temperature between the liquid 
and its surroundings. The situation is modelled by the differential equation 

( 20),t kd
di

i=- +

 where time t is in minutes and k is a positive constant.

	 (i)	 Express i  in terms of t, k and an arbitrary constant. [3]

	 Initially the temperature of the liquid in the container is 40 °C and, at this instant, the liquid is cooling at a 
rate of 3 °C per minute. The liquid freezes at 0 °C.

	 (ii)	 Find the value of k and find also the time it takes (to the nearest minute) for the  liquid to freeze. [5]

	 The procedure is repeated on another occasion with a different liquid. The initial temperature of this liquid 
is 90 °C. After 19 minutes its temperature is 0 °C.

	 (iii)	 Without any further calculation, explain what you can deduce about the value of k in this case. [1]

10	 (i)	 Use algebraic division to express  
x x

x x x
6

2 4 13
2

3 2

- -

- - +   in the form Ax B
x x
Cx D

62
+ +

- -

+ , 
	 	 where A, B, C and D are constants. [4]

	 (ii)	 Hence find 
x x

x x x x
6

2 4 13 d
2

3 2

4

6

- -

- - += , giving your answer in the form lna b+ . [7]
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1	 Express 
( ) ( )

( ) ( )

x x
x x
2 1

7 2
2+ -

- -
 in partial fractions. [5]

2	 Find (3 )lnx x xd8; . [5]

3	 Determine whether the lines whose equations are

( ) ( )r i j k1 2 3 5m m m+ - + +=   and  ( 1) (5 ) (2 5 )r i j kn n n= - + - + -

	 are parallel, intersect or are skew. [6]

4	 The equation of a curve is cos siny x x2 2= + . Find x
y

d
d

 and hence find the coordinates of the stationary
	 points on the curve for 0 x1 1 r . [6]

5	 (i)	 Show that 
tan tan

tanx x x
1

1

1

1
2/

-
-
+

. [2]

	 (ii)	 Hence evaluate 
tan tanx xx1

1

1

1
d

12
1

6
1

-
-
+r

r

< d n , giving your answer in the form lna b. [5]

6	 Use the substitution lnu x1= +  to find 
( )ln

ln

x x
x x

1
d
2+

> . [6]

7	 Points A (2, 2, 5), B (1, 1- , 4- ), C (3, 3, 10) and D (8, 6, 3) are the vertices of a pyramid with a triangular 
base.

	 (i)	 Calculate the lengths AB and AC, and the angle BAC. [4]

	 (ii)	 Show that AD  is perpendicular to both AB  and AC . [3]

	 (iii)	 Calculate the volume of the pyramid ABCD. [3]

 [The volume of the pyramid is V = 
3

1  × base area × perpendicular height.]

8	 At time t seconds, the radius of a spherical balloon is r cm. The balloon is being inflated so that the rate of 
increase of its radius is inversely proportional to the square root of its radius. When t = 5, r = 9 and, at this 
instant, the radius is increasing at 1.08 cm s−1.

	 (i)	 Write down a differential equation to model this situation, and solve it to express r in terms of t. [7]

	 (ii)	 How much air is in the balloon initially? [2]

 [The volume of a sphere is V = r3
4 3r .]
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9	 A curve has parametric equations x t
1 1= -   and  y t

t
2

1
2

= + .

	 (i)	 Find x
y

d
d

 in terms of t, simplifying your answer. [3]

	 (ii)	 Find the coordinates of the stationary point and, by considering the gradient of the curve on either side 
of this point, determine its nature. [4]

	 (iii)	 Find a cartesian equation of the curve. [2]

10	 (i)	 Show that 
( )x

x x x x
1

3 6
3

2 3.
-

+ +  for small values of x. [2]

	 (ii)	 Use this result, together with a suitable value of x, to obtain a decimal estimate of the value of 
729

100 .
	 [2]

	 (iii)	 Show that  
( )x

x
x x1

1
1

1
3 2

3

-
= - -

-

d n . Hence find the first three terms of the binomial expansion
 
 
of  
( )x

x
1 3-

 in powers of x
1 . [4]

	 (iv)	 Comment on the suitability of substituting the same value of x as used in part (ii) in the expansion in 
	 	 part (iii) to estimate the value of 

729

100 . [1]
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1	 Express x x x1
1

1
2

+
-
+
+

 as a single fraction, simplifying your answer. [3]

2	 The points O (0, 0, 0), A (2, 8, 2), B (5, 5, 8) and C (3, −3, 6) form a parallelogram OABC. Use a scalar 
product to find the acute angle between the diagonals of this parallelogram. [5] 

3	 (i)	 Find the first three terms in the expansion of ( )x1 2 2
1

- -  in ascending powers of x, where x
2

11 . [3]

	 (ii)	 Hence find the coefficient of x2  in the expansion of 
x

x
1 2

3

-
+ . [2]

4	 Show that 
sin cos

sin

x x
x

1 2

1 2
2

0
2

1
4
1

+
-

r

lnx 2d =< . [5]

5	 The equations of three lines are as follows.

    Line A:   r = i + 4j + k + s(−i + 2j + 2k)

   Line B:   r = 2i + 8j + 2k + t(i + 3j + 5k)

   Line C:   r = –i + 19j + 15k + u(2i – 4j – 4k)

	 (i)	 Show that lines A and B are skew. [4]

	 (ii)	 Determine, giving reasons, the geometrical relationship between lines A and C. [2]

6	 y

P Q

x

	 The diagram shows the curve with equation x y x y8 12 42 3+ - - = . At each of the points P and Q the tangent 
to the curve is parallel to the y-axis. Find the coordinates of P and Q. [8]           
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7	 A curve has parametric equations 

,sin cos sinx t y t t2 2 2= = +

 for − t
2

1

2

1G Gr r .

	 (i)	 Show that sinx
y

t1 2
d

d
= -  and hence find the coordinates of the stationary point. [5]

	 (ii)	 Find the cartesian equation of the curve. [3]

	 (iii)	 State the set of values that x can take and hence sketch the curve.  [3]

8	 (i)	 Use division to show that t
t t t t2

2 4
2
83

2/
+

- + -
+

. [3]

	 (ii)	 Find ( )dlnt t t6 2
2

1

2

+; . Give your answer in the form A + B ln 3 + C ln 4. [6]

9	 Express 
( ) ( )x x

x
1 2 1

2
2

2

+ -

+  in partial fractions and hence show that 
( ) ( )

ln
x x

x x
1 2 1

2
d
2

2

0

2

1

2

3

3

1
4
1

+ -

+
= +

c

e
dd . [9]

10	 A container in the shape of an inverted cone of radius 3 metres and vertical height 4.5 metres is initially 
filled with liquid fertiliser. This fertiliser is released through a hole in the bottom of the container at a rate 
of 0.01 m3 per second. At time t seconds the fertiliser remaining in the container forms an inverted cone of 
height h metres.

 [The volume of a cone is V r h
3

1 2r= .]

	 (i)	 Show that 
d
dh t
h

400
92

r
=- . [5]

	 (ii)	 Express h in terms of t. [4]

	 (iii)	 Find the time it takes to empty the container, giving your answer to the nearest minute. [2]  

 

END	OF	QUESTION	PAPER
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