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(6]

2

n n
Use the standard results for ' r and Y r to show that, for all positive integers n,
r=1 r=1

n
Y (6r% +2r + 1) = n(2n° + 4n + 3).
r=1

Thematrices A and | aregivenby A = (1 5) and| = (é (1)) respectively.

(i) Find A% and verify that A% = 4A —I.

(i) Hence, or otherwise, show that A™ = 41 — A.

[6]

[4]
[2]

The complex numbers 2 + 3i and 4 — i are denoted by z and w respectively. Express each of the

following in the form x + iy, showing clearly how you obtain your answers.
(i) z+ 5w,

(i) z*w, where z* isthe complex conjugate of z,

o 1
(iii) W'
Use an algebraic method to find the square roots of the complex number 21 — 20i.

(i) Show that
r#1 r 1
r+2 r+1 (r+1)(r+2)

(ii) Hence find an expression, in terms of n, for

1+1+1+ + 1
6 12 20 T (n+D(n+2)

(iii) Hence write down the value of ;m
Theloci C; and C, are given by
|z-2i|=2 and lz+1| =z +i|

respectively.

(i) Sketch, onasingle Argand diagram, the loci C, and C,.

[2]
(3]

[2]

(6]

[2]

[4]

[1]

[5]

(i) Hence write down the complex numbers represented by the points of intersection of C, and C,.

4725/S05

[2]



a1l 3
ThematrixBisgivenbyB:(Z 1 —1).

01 2
(i) Giventhat B issingular, show that a = —2. [3]
(i) Giveninstead that B is non-singular, find the inverse matrix B2, [4]

(iii) Hence, or otherwise, solve the equations

-X+y+3z=1,
2X+y—- z=4,
y+2z=-1 [3]

(@) The quadratic equation X2 — 2x + 4 = 0 has roots o and f3.

(i) Write down the values of o + 8 and af3. [2]
(i) Show that o + B2 = —4. [2]
(iii) Hence find a quadratic equation which has roots o? and 2. [3]

(b) The cubic equation x> — 12x% + ax — 48 = 0 has roots p, 2p and 3p.

(i) Find the value of p. [2]
(i) Hence find the value of a. [2]
(i) Write down the matrix C which represents a stretch, scale factor 2, in the x-direction. [2]

(i) Thematrix D isgivenby D = ((1) i) Describe fully the geometrical transformation represented

by D. [2]

(iii) The matrix M represents the combined effect of the transformation represented by C followed
by the transformation represented by D. Show that

2 3
M=(o 1) 2
n n
(iv) Prove by induction that M" = (20 3(2 1_ D ) for al positive integers n. [6]

4725/S05
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4 1

0 2 0 1)

The matrices A and B are given byA:( o -1):

e

(i) Find A + 3B. 2]
(ii) Show that A — B = kI, where | isthe identity matrix and k is a constant whose value should be
stated. 2]
The transformation S is a shear parallel to the x-axis in which the image of the point (1, 1) is the
point (O, 1).
(i) Draw adiagram showing the image of the unit square under S. [2]
(i) Write down the matrix that represents S. [2]
One root of the quadratic equation X? + px + q = 0, where p and q are real, is the complex number
2-3i.
(i) Write down the other root. [1]

(ii) Find thevaluesof p and q. [4]

n n
Use the standard resultsfor ) r®and )’ r? to show that, for all positive integersn,

r=1 r=1
r:21(r3+r2) =Zn(n+1)(n+2)(3n+1). [5]

The complex numbers 3 - 2i and 2 + i are denoted by z and w respectively. Find, giving your answers
in the form x + iy and showing clearly how you obtain these answers,

(i) 2z - 3w, [2]
(ii) (iz)?, [3]
(iii) Viv (3]

In an Argand diagram the loci C, and C, are given by

1
3717

|z] =2 and argz =
respectively.
(1) Sketch, onasingle Argand diagram, theloci C, and C,. [5]

(i) Hence find, in the form X + iy, the complex number representing the point of intersection of
C,andC,. [2]

4725/S06



9

10

The matrix A isgiven by A = (2 0).

01
(i) Find A%and A3

(ii) Hence suggest a suitable form for the matrix A",

(iii) Useinduction to prove that your answer to part (ii) is correct.

a 4 2
The matrix M isgivenby M = (l a 0).
1 2 1

(i) Find, interms of a, the determinant of M.

(i) Hencefind the values of a for which M issingular.

(iii) Stete, giving a brief reason in each case, whether the simultaneous equations

ax+ 4y + 2z = 33,

X+ ay =1,
X+2y+ z=3,
have any solutions when
(@ a=3,
(b) a=2.

(i) Usethe method of differencesto show that

n

S{r+1°%-r’}=(n+1)°%-1.

r=1

(i) Showthat (r+1)3-r3=3r2+3r +1.

n
(iii) Usetheresultsin parts (i) and (ii) and the standard result for Z r to show that

n
2_1
3 Elr =sn(n+1)(2n+1).
r=

The cubic equation x® — 2x? + 3x+ 4 = 0 hasroots o, § and 7.

(i) Writedownthevaluesof a+ B + vy, aff + By + yo and afy.

(3]
[1]
[4]

(3]
[3]

[4]

[2]

[2]

[6]

(3]

The cubic equation x° + px2 + 10x + g = 0, where p and g are constants, has roots « + 1, § + 1 and

Y+ 1
(i) Find the value of p.

(iii) Find the value of g.

4725/S06
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2

. . 2 1 a -1
1 Thematrices A and B aregiven by A = (3 2) and B = (_3 _2).
. . 11 .
(i) Giventhat 2A + B = (3 2),wntedown the value of a. [1]
oy . 7 -4\ .
(ii) Giveninstead that AB = (9 _7),f|nd the value of a. [2]
2 Usean agebraic method to find the square roots of the complex number 15 + 8i. [6]
n n
3 Usethe standard results for Z r and z r3to find
r=1 r=1
n
Yor(r-1)(r+1),
r=1
expressing your answer in afully factorised form. [6]
4 (i) Sketch, on an Argand diagram, the locus given by |z — 1 +i| = V2. [3]
(ii) Shade on your diagram theregion givenby 1< |z —1+i| < V2. [3]
5 (i) Verify that z° - 8 = (z - 2)(z° + 2z + 4). [1]
(ii) Solve the quadratic equation z2 + 2z + 4 = 0, giving your answers exactly in the form x + iy.
Show clearly how you obtain your answers. [3]
(iii) Show on an Argand diagram the roots of the cubic equation z° — 8 = 0. [3]
6 The sequence up, u,, U, ... is defined by u, = n° + 3n, for al positive integers n.
(i) Showthatu_  ,-u, =2n+4. [3]
(i) Hence prove by induction that each term of the sequenceisdivisible by 2. [5]

7  Thequadratic equation x* + 5x + 10 = 0 has roots o and B.

(i) Write down the values of a + 8 and of3. [2]
(ii) Show that o + B2 = 5. [2]
(iii) Hence find a quadratic equation which has roots % and g. [4]

© OCR 2007 4725/01 Jan07



8

10

3
(i) Showthat (r +2)! = (r + 1)! = (r + 1)2xrl. [3]
(i) Hence find an expression, in terms of n, for

22x1 + 3Fx2 + 42x3 + ...+ (n+1)%xnl. [4]

(iii) State, giving a brief reason, whether the series
22x 1 + Fx2 + 42x3 4+ ...
converges. [1]

0 3)_

Thematrix C isgivenby C = (_1 0

(i) Draw adiagram showing the unit square and itsimage under the transformation represented by C.

[2]

The transformation represented by C is equivalent to a rotation, R, followed by another
transformation, S.

(i) Describe fully the rotation R and write down the matrix that represents R. [3]
(iii) Describe fully the transformation S and write down the matrix that represents S. [4]
a 2 0
Thematrix D isgivenby D = (3 1 2),Wherea¢ 2.
0O -1 1
(i) FindD™. [7]

(i) Hence, or otherwise, solve the equations
ax+ 2y =3,
X+ y+2z=4,
- y+ z=1 [4]

© OCR 2007 4725/01 Jan07
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2

1  Thecomplex number a+ ibisdenoted by z. Giventhat |z| =4 andargz = %n find a and b.

n
2 Proveby induction that, for n> 1 Z 2(n+ 1)2.

n
3  Usethe standard results for Z r and 2 to show that, for all positive integers n,

r=1
n
Y (3r?-3r+1)
r=1
4  Thematrix A isgivenby A = (% é)
(i) Find AL,
The matrix Bt isgivenby B = (411 _i)
(i) Find (AB)™!
5 (i) Show that
1 1 1

r r+1:r(r+1)'

(i) Hence find an expression, in terms of n, for

1.1 1 1
276" 12 (n+ 1)
N 1
(iii) Hence find the value of Z .
4 1r(r+1)

6 Thecubic equation 3x® — 9x? + 6x + 2 = 0 hasroots ¢, § and .
(i) (@ Writedownthevaluesof o+ +yand aff + By + yvo.
(b) Find thevalue of a? + B2 + y2.
(i) (@8 Usethe substitution X = 5 to find a cubic equation in u with integer coefficients.

(b) Useyour answer to part (ii) (a) to find the value of % + 1 + }

B v

© OCR 2007 4725/01 Jun07
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[5]

[6]

[2]

[4]

[1]

[3]

(3]

[2]
[2]

[2]

[2]



a 4 0
7 Thematrix M isgivenby M = (0 a 4).
2 3 1

(i) Find, interms of a, the determinant of M. [3]
(i) Inthe case when a = 2, state whether M is singular or non-singular, justifying your answer. [2]

(iii) In the case when a = 4, determine whether the simultaneous equations

ax+ 4y =6,
ay+4z =8,
2X+3y+ z=1,

have any solutions. [3]

8 Theloci C, and C, aregivenby |z - 3| =3and arg(z - 1) = %n respectively.
(1) Sketch, onasingle Argand diagram, theloci C, and C,. [6]
(ii) Indicate, by shading, the region of the Argand diagram for which

|z—3| <3 and O0<arg(z-1) < 37 [2]

Bl

9 (i) Write down the matrix, A, that represents an enlargement, centre (0, 0), with scale factor v2.
[1]

y o V2 3V2 | | _
(i) The matrix B isgiven by B = . Describe fully the geometrical transformation
L2 vz
represented by B. [3]
. 11
(iii) Given that C = AB, show that C = (_1 1)' [1]

(iv) Draw adiagram showing the unit square and itsimage under the transformation represented by C.

[2]

(v) Write down the determinant of C and explain briefly how this value relates to the transformation
represented by C. [2]

10 (i) Usean agebraic method to find the square roots of the complex number 16 + 30i. [6]

(i) Use your answers to part (i) to solve the equation z2 — 2z — (15 + 30i) = 0, giving your answers
in the form X + iy. (3]

© OCR 2007 4725/01 Jun07
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2

The transformation Sis a shear with the y-axisinvariant (i.e. a shear parallel to the y-axis). Itisgiven

that the image of the point (1, 1) isthe point (1, 0).
(i) Draw adiagram showing the image of the unit square under the transformation S.

(i) Write down the matrix that represents S.

n
Giventhat Y (ar? + b) = n(2n? + 3n - 2), find the values of the constants a and b.
r=1

The cubic equation 2x% — 3x? + 24x + 7 = 0 hasroots o,  and 7.

(i) Usethe substitution x = 5 to find a cubic equation in u with integer coefficients.

1 1 1

(ii) Hence, or otherwisg, find thevalueof — + — + —.
af By vo

[2]
[2]

[5]

[2]

[2]

The complex number 3 — 4i is denoted by z. Giving your answers in the form x + iy, and showing

clearly how you obtain them, find

(i) 2z + 5z,
(i) (z-1)%
o 3
(iii) >

3 4
Thematrices A, B and C aregivenby A = (1) B = (0) andC=(2 4 -1). Find
2 3

(i) A—4B,
(i) BC,
(iii) CA.

Theloci C, and C, are given by

|z| = |z - 4i| and  agz=ir
respectively.

(1) Sketch, onasingle Argand diagram, theloci C, and C,.

[2]
(3]

(3]

[2]
[4]
[2]

[5]

(if) Hencefind, intheform x + iy, the complex number represented by the point of intersection of C;

and C2'

© OCR 2008 4725/01 Jan08

(3]



, L a 3
7 Thematrix A isgivenby A = (_2 1).
(i) Giventhat A issingular, find a. [2]

(i) Giveninstead that A isnon-singular, find A™! and hence solve the simultaneous equations

ax+3y=1,
22X+ y=-1 [5]
8 Thesequenceu,, U,, U,, ... isdefinedbyu, =1andu_,=u +2n+1.
(i) Show that u, = 16. [2]
(i) Hence suggest an expression for u_. [1]
(iii) Useinduction to prove that your answer to part (ii) is correct. [4]
9 (i) Showthat o®+ B3 = (o + B)3 - 3aB(a + B). [2]

(i) The quadratic equation x> — 5x + 7 = 0 has roots o and 8. Find a quadratic equation with roots
o and 3. [6]

. > 1 1 3r+4
10 () Showthat = = = ~ S = s D+ o)

[2]

(i) Hence find an expression, in terms of n, for

C 3r+4
2r(r+1)(r+2)' [6]

3r+4

D02 .

(iii) Hence write down the value of 2
r=1

Sr+4 7 find the value of N. [4]

(|V) leen thatr%].m = 10
=N+

© OCR 2008 4725/01 Jan08
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2

1 Thematrix A isgiven by A = (g ;) and | is the 2 x 2 identity matrix. Find
(i) A-3I, (2]
(i) AL, [2]

2  Thecomplex number 3 + 4i is denoted by a.
(i) Find |a] and arga. [2]

(ii) Sketch on asingle Argand diagram the loci given by

@ |z-al=]lal, [2]
(b) ag(z-3) =arga. [3]
3 (i) Showtha = -+ T [2]

ro(r+1! (r+1)

(i) Hence find an expression, in terms of n, for

= + 2 + 3 + + n [4]
20 3 4 T (n+ Y
: . 3 1 . .
4 ThematrlelsglvenbyA:(o 1).Provebylnductlonthat,forn>1,
3" L3n-a
wo (33 -), 6
0 1
n
5 Find Z r2(r — 1), expressing your answer in afully factorised form. [6]

r=1

6 Thecubic equation X + ax® + bx + ¢ = 0, where a, b and c arereal, has roots (3 + i) and 2.
(i) Write down the other root of the equation. [1]

(ii) Find thevaluesof a, band c. [6]

© OCR 2008 4725/01 Jun08
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7  Describe fully the geometrical transformation represented by each of the following matrices:

09 g
(2 Y) g
i (3 9) g
o (92 99) g

8 The quadratic equation X2 + kx + 2k = 0, where k is a non-zero constant, has roots « and B. Find a

B

quadratic equation with roots % and P [7]
9 (i) Use an algebraic method to find the square roots of the complex number 5 + 12i. [5]
(i) Find (3—2i)2 [2]
(iii) Hence solve the quartic equation x* — 10x? + 169 = 0. [4]
a 8 10 a 6 1
10 Thematrix A isgivenby A = (2 1 2). The matrix B is such that AB = (1 1 0).
4 3 6 1 3 0
(i) Show that AB is non-singular. [2]
(i) Find (AB)™. [4]
(iii) Find B™L. [5]

© OCR 2008 4725/01 Jun08
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3
! in the form x + iy, showing clearly how you obtain your answer. [4]

2+
1  Express 5

2 The matrix A is given by A = (i (5)) Find

M A7, 2]
. 1 2
i 2a-(, ) 2]
n
3 Find 2‘(4;’3 + 677 + 2r), expressing your answer in a fully factorised form. [6]

r=1

4  Given that A and B are 2 X 2 non-singular matrices and I is the 2 x 2 identity matrix, simplify

B(AB) 'A -1 (4]

5 By using the determinant of an appropriate matrix, or otherwise, find the value of k£ for which the
simultaneous equations

2x— y+ z=1,

3y+ z=4,
X+ ky+kz=25,
do not have a unique solution for x, y and z. [5]
. . . . (1 0 . . o
6 (i) The transformation P is represented by the matrix ( 0 -1 ) Give a geometrical description of
transformation P. [2]
(ii) The transformation Q is represented by the matrix ( 1 B 0 ) Give a geometrical description of
transformation Q. [2]

(iii) The transformation R is equivalent to transformation P followed by transformation Q. Find the
matrix that represents R. [2]

(iv) Give a geometrical description of the single transformation that is represented by your answer to

part (iii). [3]

7 Itis giventhatu = 13"+ 6", where n is a positive integer.

(i) Show thatu +u , =14x13"+7x6"". 3]
n n+1

+

(ii) Prove by induction that u, is a multiple of 7. [4]

© OCR 2009 4725 Jan09



8 i)

Show that (ot — B)? = (o + B)* — 4of. [2]

The quadratic equation x> — 6kx + k> = 0, where k is a positive constant, has roots o and B, with o > 3.

(ii)
(iii)

9 @

(i)

(iii)

10 @)

(ii)

(iii)
(iv)

© OCR 2009

Show that ot — B = 4v2k. (4]

Hence find a quadratic equation with roots o + 1 and 3 — 1. [4]
1 4

Show that [2]

2r—3 2r+1 472—4r-3°

Hence find an expression, in terms of n, for

n

4
24r2—4r—3' [6]

r=2

Show that E = (1]
W _— = .
2 _ Ay —
— 4r 4r-13 3

Use an algebraic method to find the square roots of the complex number 2 + iv/5. Give your
answers in the form x + iy, where x and y are exact real numbers. [6]

Hence find, in the form x + iy where x and y are exact real numbers, the roots of the equation
2t —4z2+9=0. [4]
Show, on an Argand diagram, the roots of the equation in part (ii). [1]

Given that « is the root of the equation in part (ii) such that 0 < arg @ < %n, sketch on the same
Argand diagram the locus given by |z — a| = |z|. [31]
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250
1 Evaluate 2 . [3]
r=101

2 The matrices A and B are given by A = (8 (1)) and B = ((5) g) and I is the 2 x 2 identity matrix.
Find the values of the constants a and b for which aA + bB = 1. [4]

3  The complex numbers z and w are given by z = 5 — 2i and w = 3 + 7i. Giving your answers in the
form x + iy and showing clearly how you obtain them, find

(i) 4z - 3w, 2]
(ii) z*w. [2]

1 1
4  The roots of the quadratic equation x> +x—-8=0are pand g. Find the valueof p+ g+ — + —. [4]
P 4q

5  The cubic equation x°> + 5x> + 7 = 0 has roots ¢, B and y.
(i) Use the substitution x = v/u to find a cubic equation in u with integer coefficients. [3]

(ii) Hence find the value of 0?2 + B2y? + y*a. [2]

6  The complex number 3 — 3i is denoted by a.
(i) Find |a| and arga. [2]
(ii) Sketch on a single Argand diagram the loci given by
@ |z-a|=3V2, [3]
(b) arg(z-a)= %n. [31]
(iii) Indicate, by shading, the region of the Argand diagram for which

|z—a|>3v2 and Osarg(z—a)sin. [3]

7 (i) Use the method of differences to show that

n

S{r+1) =y =m+1)* - 1. [2]
r=1
(ii) Show that (r+ 1)*—r* =4r> +61% +4r + 1. [2]
(iii) Hence show that
43 P =n*(n+1)% [6]

r=1

© OCR 2009 4725 Jun09



8 The matrix C is given by C = (3 2).

1 1

(i) Draw a diagram showing the image of the unit square under the transformation represented by C.

[3]

The transformation represented by C is equivalent to a transformation S followed by another

transformation T.

(i) Given that S is a shear with the y-axis invariant in which the image of the point (1, 1) is (1, 2),

write down the matrix that represents S.

(iii) Find the matrix that represents transformation T and describe fully the transformation T.

a 1 1
9  The matrix A is given by A = ( 1 a 1 ) .
1 1 2

(i) Find, in terms of a, the determinant of A.

(ii) Hence find the values of a for which A is singular.

(iii) State, giving a brief reason in each case, whether the simultaneous equations

ax+ y+ z=2a,
x+ay+ z=-1,
X+ y+2z=-1,

have any solutions when
(@) a=0,
(b) a=1.

10 The sequence Uy, Uy, Us, ... is defined by u, = 3 and u = 3un - 2.

+
- . 1 _
(i) Find u, and u, and verify that 5(u, — 1) = 27.

(ii) Hence suggest an expression for u_.
n

(iii) Use induction to prove that your answer to part (ii) is correct.

© OCR 2009 4725 Jun09
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6

8

2
A a 2 . S .
The matrix A is given by A = ( 3 4 ) and I is the 2 x 2 identity matrix.

(i) Find A —4I. [2]

(ii) Given that A is singular, find the value of a. [3]

The cubic equation 2x* + 3x — 3 = 0 has roots ¢, 8 and .
(i) Use the substitution x = u — 1 to find a cubic equation in u with integer coefficients. [3]
(ii) Hence find the value of (ot + 1)(B + 1)(y + 1). [2]

The complex number z satisfies the equation z + 2iz* = 12 + 9i. Find z, giving your answer in the
form x + iy. [5]

Find z r(r + 1)(r — 2), expressing your answer in a fully factorised form. [6]

r=1

0 -1
(i) The transformation T is represented by the matrix ( 1 0 ) Give a geometrical description

of T. [2]

(i) The transformation T is equivalent to a reflection in the line y = —x followed by another
transformation S. Give a geometrical description of S and find the matrix that represents S. [4]

One root of the cubic equation x> + px* + 6x + ¢ = 0, where p and g are real, is the complex number
5-1i.

(i) Find the real root of the cubic equation. [3]
(ii) Find the values of p and gq. [4]
1 1 2r+1
i) Show that — — = . 1
@ o o(r+ 1?2 Pr+1)? 1
(ii) Hence find an expression, in terms of 7, for 2 ﬂ [4]
P ’ ’ - rA(r+ 1)
2r+1
iii) Find 2
(i) Z Y [2]
The complex number a is such that a> = 5 — 12i.
(i) Use an algebraic method to find the two possible values of a. [5]
(ii) Sketch on a single Argand diagram the two possible loci given by |z — a| = |a|. [4]
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2 -1 1
9 The matrix AisgivenbyA=]10 3 1 |,wherea#1.
1 1 a

(i) Find A~'.

(i) Hence, or otherwise, solve the equations

2x—- y+ z=1,
3y+ z=2,
X+ y+az=2.

1 2
10 ThematrixMisgivenbyM:(0 1).

(i) Find M? and M°.
(ii) Hence suggest a suitable form for the matrix M".
(iii) Use induction to prove that your answer to part (ii) is correct.

(iv) Describe fully the single geometrical transformation represented by M.

© OCR 2010 4725 Jan10
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6

7

Prove by induction that, forn > 1, 2 r(r+1)= %n(n +1)(n+2). [5]

r=1

5 30
The matrices A, B and C are givenby A=(1 -4),B= (3) and C = ( ) Find

2 2
(i) AB, [2]
(i) BA —4C. [4]
Find 2(21’ — 1)?, expressing your answer in a fully factorised form. [6]

r=1

The complex numbers a and b are given by a =7 + 6i and b = 1 — 3i. Showing clearly how you obtain
your answers, find

(i) |a-2b| and arg(a - 2b), (4]
. b . :
(ii) —, giving your answer in the form x + iy. [3]
a
(a) Write down the matrix that represents a reflection in the line y = x. [2]

(b) Describe fully the geometrical transformation represented by each of the following matrices:

. 5 0
(i) (O 1 ) [2]
1 /3
.o 2 2 ) 2
w () 2

(i) Sketch on a single Argand diagram the loci given by
(@ |z-3+4i|=5, [2]
(b) |z|=1|z-6]. [2]

(ii) Indicate, by shading, the region of the Argand diagram for which
|z-3+4i|<5 and |z|>|z-6]|. [2]

The quadratic equation x> + 2kx + k = 0, where k is a non-zero constant, has roots o and 8. Find a
+ o+
i and B i . [71

. . . a
quadratic equation with roots
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1 Vr+2-Vr
8 i) Show that = .
» N PRV

(i) Hence find an expression, in terms of n, for

- 1
;mw?

1
Vri2+vr

o.¢]
(iii) State, giving a brief reason, whether the series 2
r=1

-1
2
1

9  The matrix A is given by A =

— O Q
D QO

(i) Find, in terms of a, the determinant of A.

(ii) Three simultaneous equations are shown below.
ax+ay— z=-1
ay+2z=2a
x+2y+ z=1

converges.

[2]

[6]

(1]

[3]

For each of the following values of a, determine whether the equations are consistent or
inconsistent. If the equations are consistent, determine whether or not there is a unique

solution.

@ a=0
bd) a=1
() a=2

10 The complex number z, where 0 < argz < %n, is such that z> = 3 + 4i.
(i) Use an algebraic method to find z.
(ii) Show that z°> =2 + 11i.

The complex number w is the root of the equation
wl —4w? +125=0

for which -1 < argw < 0.

(iii) Find w.

© OCR 2010 4725 Jun10
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4
1  The matrices A, B and C are givenby A=(2 5),B=(3 —1)andC:<2).Find
(i) 2A +B, [2]
(i) AC, [2]
(iii) CB. [3]

2 The complex numbers z and w are given by z =4 + 3i and w = 6 —i. Giving your answers in the form
x + iy and showing clearly how you obtain them, find

(i) 3z -4w, [2]
o 2
(i) —. [4]
w
3  The sequence u,, u,, u,, ... is defined by u, =2, and u,,, = 2u, — 1 for n > 1. Prove by induction
thatu, =2""' + 1. [4]
4  Given that 2(ar3 +br)y=n(n—-1)(n+1)(n+ 2), find the values of the constants a and b. [6]

r=1

5 Given that A and B are non-singular square matrices, simplify

AB(A™'B)™. [3]

6 (i) Sketch on a single Argand diagram the loci given by
@ |z|=|z-8|, [2]
(b) arg(z +2i) = in. [3]

(ii) Indicate by shading the region of the Argand diagram for which

|z| <|z-8| and OSarg(z+2i)<}—gr. [3]
7 (i) Write down the matrix, A, that represents a shear with x-axis invariant in which the image of the
point (1, 1) is (4, 1). [2]

30
(i) The matrix B is given by B = <\/0_ \/§) Describe fully the geometrical transformation

represented by B. [2]

2
(iii) The matrix C is given by C = ( 0 g)

(a) Draw a diagram showing the unit square and its image under the transformation represented
by C. [3]

(b) Write down the determinant of C and explain briefly how this value relates to the
transformation represented by C. [2]
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3

8  The quadratic equation 2x> — x + 3 = 0 has roots o and 3, and the quadratic equation x> — px+ ¢ =0

1 1
has roots o + p and B+ —.

B
(i) Show that p = 2. [4]
(ii) Find the value of g. [5]

a —-a 1
9 The matrix Mis givenbyM=|3 a 1

4 2 1
(i) Find, in terms of a, the determinant of M. [31
(ii) Hence find the values of a for which M~! does not exist. [3]

(iii) Determine whether the simultaneous equations

6x — 6y + z = 3k,
3x+6y+z=0,
dx+2y+z=k,

where k is a non-zero constant, have a unique solution, no solution or an infinite number of
solutions, justifying your answer. [3]

2 1 2

1
1 i) Sh hat — — = . 2
0 (I)SOWtatr r+1+r+2 r(r+1)(r+2) 2]
(i) Hence find an expression, in terms of n, for
C 2
_ . 6
Z}tr(r+l)(r+2) L6]
- 2 1
iii) Show that = .
Gi) Show that rr+ )(r+2)  (n+1)(n+2) 3]

r=n+1

© OCR 2011 4725 Jan11
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2 2
1  The matrices A and B are given by A = ( “ ) and B = ( “ ) . Idenotes the 2 x 2 identity matrix.

0 1 4 1
Find
(i) A+3B-4I, [3]
(ii) AB. [2]
- 1 n
2 Prove by induction that, forn > 1, = [5]

r(r+1) n+1°

r=1

3 By using the determinant of an appropriate matrix, find the values of k for which the simultaneous

equations
kx+8y=1,
2x + ky =3,
do not have a unique solution. [31
2n
4 Find ) (377 - %), expressing your answer in a fully factorised form. [6]

r=1

5  The complex number 1 +iv3 is denoted by a.

(i) Find |a|and arga. [2]
(i) Sketch on a single Argand diagram the loci given by |z — a| = |a| and arg(z — a) = %n. [6]

a 1 0
6  The matrix C is given by C = 1 2 1], wherea#1.Find C™". [7]

-1 3 4

1 1 2
7 i) Show that - = . 1
(i) Show at—— — o [1]
. . ~ 2
(i) Hence find an expression, in terms of n, for 2 5 . [5]
~ - 1

(iii) Find the value of Z R [3]

r=1000
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8 The matrix X is given by X = (g (3))

(i) The diagram in the printed answer book shows the unit square OABC. The image of the unit
square under the transformation represented by X is OA'B’'C’. Draw and label OA'B'C’. [3]

(i) The transformation represented by X is equivalent to a transformation A, followed by a

transformation B. Give geometrical descriptions of possible transformations A and B and state
the matrices that represent them. [4]

9  One root of the quadratic equation x>+ ax+ b =0, where a and b are real, is 16 — 30i.

(i) Write down the other root of the quadratic equation. [1]
(ii) Find the values of a and b. [4]
(iii) Use an algebraic method to solve the quartic equation y* + ay* + b = 0. [7]

10 The cubic equation x° + 3x* + 2 = 0 has roots o, 3 and 7.

(i) Use the substitution x = to show that 41> + 12u*> +Qu —1 = 0. [5]

al-

[5]

1 1 1 1 1 1
(ii) Hence find the values of —S+t—=+ and s>t ==+t 5.
a BTy aps Py va

© OCR 2011 4725 Jun1i
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2

1 The complex number a + 5i, where a is positive, is denoted by z. Given that |z| = 13, find the value of a and
hence find arg z. [4]

3 4
2 -3

Given that pA + gB = I, find the values of the constants p and g. [5]

2  The matrices A and B are given by A = ( ) and B = (g _g) and | is the 2 x 2 identity matrix.

3 Use an algebraic method to find the square roots of 3 + (6v2)i. Give your answers in the form x + iy, where

x and y are exact real numbers. [6]
n
4  Find ), r(r? - 3), expressing your answer in a fully factorised form. [6]
r=1
5 (a) Find the matrix that represents a reflection in the line y = —x. [2]

1 0
(b) The matrix C is given by C = (O 4>.
(i) Describe fully the geometrical transformation represented by C. [2]
(ii) State the value of the determinant of C and describe briefly how this value relates to the
transformation represented by C. [2]

6  Sketch, on a single Argand diagram, the loci given by |z — V3 —i| =2 and argz = %n. [6]

7 The matrix M is given by M = (3 0).

2 1
. 4_(81 0
(i) Show that M™ = (80 1). [3]
(ii) Hence suggest a suitable form for the matrix M", where n is a positive integer. [2]
(iii) Use induction to prove that your answer to part (ii) is correct. [4]
8 (i) Showthat—{— F=1-_1 2
(i) Show ar+1 r r(r+1) [2]

(if) Hence find an expression, in terms of n, for

1+l+i+ + 1 [4]

2 6 12 7 nh+1)’

(iiii) Hence find 2 r(ri o [2]
r=n+l

© OCR 2012 4725 Janl2



a 2 9
9 Thematrix Xisgivenby X={2 a 3
1 0 -1

(i) Find the determinant of X in terms of a. [3]

(if) Hence find the values of a for which X is singular. [3]

(iii) Given that X is non-singular, find XLin terms of a. [4]

10 The cubic equation 3x> — 9x* + 6x + 2 = 0 has roots «, 4 and 7.
(i) Write down the values of a + 5 + vy, a8 + Sy + ya and afy. [3]
The cubic equation x* + ax? + bx + ¢ = 0 has roots &, * and 2.

(ii) Show that ¢ = —2 and find the values of a and b. [9]
9
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question on the Question Paper.

* You are reminded of the need for clear presentation in your answers.

e The total number of marks for this paper is 72.

*  The Printed Answer Book consists of 12 pages. The Question Paper consists of 4 pages.
Any blank pages are indicated.
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1 The complex numbers z and w are given by z = 6 — i and w = 5 + 4i. Giving your answers in the form x + iy
and showing clearly how you obtain them, find

(i) z+3w, [2]

(ii) % [3]

2 1 1 0
2  The matrices A and B are given by A = <4 3) and B = (3 2). Find
() AB, [2]

(i) BA™ [3]

3 One root of the quadratic equation x* + ax + b = 0, where a and b are real, is the complex number 4 — 3i.

Find the values of a and b. [4]
n
4 Find E (3r2 — 3r + 2), expressing your answer in a fully factorised form. [7]
r=1
n
5  Prove by induction that, for n> 1, 2 4x3"=6(3" - 1). [5]
r=1

6  The quadratic equation 2x* +x+5=0 has roots a and B.

1
(i) Use the substitution x = Ul to obtain a quadratic equation in u with integer coefficients. [3]
. L 1 1
(if) Hence, or otherwise, find the value of <5_]> <E —]). [3]

7 Theloci C, and C, are given by [z—3—4i|=4and |z|=[z - 8i| respectively.
0

(i) Hence find the complex numbers represented by the points of intersection of C, and C,. [2]

) Sketch, on a single Argand diagram, the loci C, and C.,. [6]

(iii) Indicate, by shading, the region of the Argand diagram for which

|z—3-4i|<4and|z|>|z-8i]. [2]
. 1 1 2
8 (i) Show that Y re2C ) [1]
n
. . Lo 2
(if) Hence find an expression, in terms of n, for Z; EPk [6]
. 2 1.
(iii) Given that ;\Hl r+2) " 30° find the value of N. [4]

© OCR 2012 4725 Junl2
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. . - 1 2 . . .
9 (i) The matrix X is given by X = <O 1). Describe fully the geometrical transformation represented
by X. [2]

%(2 ++/3)
(if) The matrix Z is given by Z = . The transformation represented by Z is

~3V3 i(1-2V3)

N

equivalent to the transformation represented by X, followed by another transformation represented by

the matrix Y. Find Y. [5]

(iii) Describe fully the geometrical transformation represented by Y. [2]
a 2 -1
10 ThematrixDisgivenbyD=| 2 a 1
1 1 a

(i) Find the determinant of D in terms of a. [3]

(if) Three simultaneous equations are shown below.

ax+2y — z=0
2x+ay+ z=a
X+ y+az=a

For each of the following values of a, determine whether or not there is a unique solution. If the
solution is not unique, determine whether the equations are consistent or inconsistent.

(@ a=3
(b) a=2

(© a=0 [7]

© OCR 2012 4725 Junl2
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2

1
1  The matrix A is given by A = (a ) , where a # 1, and I denotes the 2 x 2 identity matrix. Find

1 4
(i) 2A -31, [3]
(i) A 2]
2  Find ﬁ: (r— 1)(r+ 1), giving your answer in a fully factorised form. [6]

r=1
3 The complex number 2 — i is denoted by z.
(i) Find |z| and arg z. 2]

(ii) Given that az + bz* = 4 — 8i, find the values of the real constants « and b. [5]

4  The quadratic equation x>+ x + k=0 has roots  and B.

(i) Use the substitution x =2u + 1 to obtain a quadratic equation in u. [2]

— -1
(ii) Hence, or otherwise, find the value of (a > 1) (ﬁ 3 ) in terms of . 2]

5 By using the determinant of an appropriate matrix, find the values of 4 for which the simultaneous equations

3x+2y+4z=35,
Ay+ z=1,
x+Ay+iz=4,
do not have a unique solution for x, y and z. [6]
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6 y A
C/ B/
c B
0] A x

The diagram shows the unit square O4BC, and its image OAB'C’ after a transformation. The points have the
following coordinates: A(1, 0), B(1, 1), C(0, 1), B'(3, 2) and C'(2, 2).

(i) Write down the matrix, X, for this transformation. 2]
(ii) The transformation represented by X is equivalent to a transformation P followed by a transformation
Q. Give geometrical descriptions of a pair of possible transformations P and Q and state the matrices

that represent them. [6]

(iii) Find the matrix that represents transformation Q followed by transformation P. 2]

7 (i) Sketch on a single Argand diagram the loci given by
(@) |z|=2, 2]
(b) arg(z—-3-i)=m. 131
(ii) Indicate, by shading, the region of the Argand diagram for which

|z|<2 and O0<arg (z-3-i)<m. (2]

. 1 3 2 2—r
8 (i) Show that r o r+ 1+r+2:r(r+ DH(r+2) 21
.. Y 2—r _ n
(ii) Hence show that Z AT mEDmF2) [5]
r=1
S N 2—r
(iii) Find the value of Zz: DY 2]
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4
9 (i) Show that (af + By +ya)* = o’ + B2y + y2o* + 2aBy(a + B + ). 3]

(i) Tt is given that o, B and 7y are the roots of the cubic equation X+ px2 —4x+3=0,

where p is a constant. Find the value of % + 1 + Lz in terms of p. [5]

a ,82

u
10 The sequence Ups Uy U, . is defined by u = 2 and u. = ﬁ forn>1.
n
() Find u, and u,, and show that u, = % [3]
(ii) Hence suggest an expression for u . 2]
(iii) Use induction to prove that your answer to part (ii) is correct. [5]
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2

1  The complex number 3 + ai, where a is real, is denoted by z. Given that arg z = %7[, find the value

of a and hence find | z| and z* — 3. [6]

3
2 The matrices A, B and C are givenby A=(5 1),B=(2 -5)andC= <2>
(i) Find 3A —4B. 2]

(ii) Find CB. Determine whether CB is singular or non-singular, giving a reason for your answer. [5]

3 Use an algebraic method to find the square roots of 11 + (12v5)i. Give your answers in the form x + iy,
where x and y are exact real numbers. [6]

22 .
4  The matrix M is given by M = ( ) Prove by induction that, for n > 1,

01
n nt+l
M' = (2 2 2) . [6]
0 1
5 Find i (47 — 3r* + 1), giving your answer in a fully factorised form. [6]

r=1

6 ——— A
imaginary
/
yd N
/ \
C
3i
N /
N | _
o real

The Argand diagram above shows a half-line / and a circle C. The circle has centre 3i and passes through the
origin.

(i) Write down, in complex number form, the equations of / and C. [4]

(ii) Write down inequalities that define the region shaded in the diagram. [The shaded region includes the
boundaries. | 3]
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7

9

10 The matrix A is givenby A= 1

3

(i) Find the matrix that represents a rotation through 90° clockwise about the origin.

(ii) Find the matrix that represents a reflection in the x-axis.

2]
2]

(iii) Hence find the matrix that represents a rotation through 90° clockwise about the origin, followed by a

reflection in the x-axis.

(iv) Describe a single transformation that is represented by your answer to part (iii).

The cubic equation k® + 6x* +x—3 =0, where k is a non-zero constant, has roots c, B andy.

Find the value of (a + 1)(B+ 1)+ (B+ 1)(y + 1)+ (y + 1)(x + 1) in terms of &.

(I 3
3r—1 3r+2 (Gr—D@r+2)°

(i) Show that

2n
1 n

Z;(sr— DGr+2) 203+ 1)

(ii) Hence show that

a

— W N
—_ N =

4
(i) Find the value of a for which A is singular.

(ii) Given that A is non-singular, find A" and hence solve the equations

ax+2y+ z=1,
x+3y+2z=2,
4x+ y+ z=3.

© OCR 2013 4725/01 Jun13
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2]
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